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FURTHER THETA EXPANSIONS USEFUL IN ARITHMETIC. 
By. M. A. Basoco anp E. T. BELL. 


1. Ina paper with a similar title ¢ several such expansions for functions 
of one variable are given, all the expansions in the paper being deduced from 
those of the so-called doubly periodic functions of the second kind, 


where the triple index «Py has the values, 


001, 010, 023, 032, 
100, 108, 
203, 212, 221, 230, 
302, 313, 320, 381. 


The complete set of these sixteen expansions (in trigonometric series) seems 
to have been first obtained by Hermite, although some appear implicitly in 
Jacobi’s memoir on the rotation of a rigid body. Another method, due to 
Kronecker, of deriving the sixteen expansions is well known. Misprints and 
other inaccuracies in the final forms have been carried over to some of the 
standard treatises; for an exact list the reader is referred to previous papers, 
of which only one need be cited. 

For the full and efficient use of the method of paraphrase (paper cited in 
preceding footnote), it is necessary to have the trigonometric expansions of the 
remaining forty-eight functions 

+ y) 
where Kay- is a theta constant (independent of x, y), which is to be determined 
for a given abc other than one of the sixteen values belonging to Hermite’s 
functions. All sixty-four expansions when used in paraphrase have the 
desirable effect of introducing cross-product terms into the quadratic forms 
appearing in the partitions. This has been amply illustrated in former papers 
for the sixteen quoted values of abc. 


7 E. T. Bell, Messenger of Mathematics, vol. 54 (1924), pp. 166-176. 
tE. T. Bell, Transactions of the American Mathematical Society, vol. 22 (1921), 
pp. 1-30 and 198-219. 
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There remain, then, forty-eight fundamental expansions to be determined. 
The constant Kaye in a given instance, it will be noticed, is subject to arbitrary 
choice; a change in the constants, of course, radically alters the nature of the 
arithmetical functions appearing in the expansions. For choosing the 48 con- 
stants Kaye, there are two apparently reasonable clues—one choice being sug- 
gested by a discussion due to Krause,t the other being indicated if we require 
products of the type 


to be bilinear in the squares of the twelve elliptic functions Asn, Ben, Cns,: - - 
of Glaisher, where A, B, C, ~~ - are the classical constants 2K/z, etc. The 
reason for the last requirement is obvious from its interpretation in terms of 
paraphrases. Both methods indicate the same constants. Following the 
suggestion of Krause, Professor D. A. F. Robinson in a forthcoming paper 
in the Transactions of the Royal Society of Canada has given the first (so far 
as we know) determination of these important series. If -an alternative set 
of 48 expansions appears by the second method, we shall have an immediate 
source of arithmetical theorems on comparing with Robinson’s. Further, 
either set can be used in any application of paraphrasing. 

In neither set of 48 expansions has it been possible to refer only to the 
divisors of a simple integer, as is the case for Hermite’s 16. Instead (in the 
present method) we need all solutions in positive integers d, 8, d’, & of 
equations of the form n = dé + d’8’, n= d8 + 2d’9,, etc. 

Following a method suggested elsewhere [ we have calculated the 48 
expansions very simply from the 16. This may be done in two ways, the 
partitions involved being, in most cases, different, so that a comparison of the 
two results yields, at once, a series of arithmetical results. In this paper we 
record the arithmetical forms of the expansions (both sets), and a sufficient 
indication (in § 8) of the means by which they can be recalculated. Although 
no applications are included, it may be mentioned that the complete set of 
64 gives an endless variety of paraphrases involving functions of 2, 4, 6, 8: - - 
variables, the functions being both complete and incomplete. 

The 48 functions correspond to the following values of the triple 
index abc: 


{ Krause, Mathematische Annalen, vol. 30 (1887), pp. 425-436 and pp. 516-534. 
+ M. A. Basoco, American Journal of Mathematics, vol. 54 (April, 1932), pp. 242- 
252 (p. 242, footnote). 
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120, 223, 021, 322, 
130, 233, 031, 332, 


000, 3038, 202, 101%, 
020, 323%, 222, 121, 
030, 333, 282%, 131, 


300, 003*, 102*, 201, 
310, 013%, 112*, 211, 
330*, 0338, 182, 281%, 


103*, 200, 301%, 002%, 
113*, 210*, 311, 012%, 
123*, 220*, 321%, 022. 


A star (*) indicates that the function with the starred index can be obtained 
by interchanging z, y in some function already in the table, and hence its 
expansion need not be separately calculated (except as a check). The reason 
for the particular grouping into sets of 12 above will appear if the expansions 
are verified by the method suggested in § 8. All reductions will be omitted 
and only the final results stated. 


2. The m, n, d, 8, t, 7, notation for integers > 0 of former papers is 
used. Letters with suffixes or accents denote integers of the same respective 
kinds as those without suffixes or accents; m, r are odd; n, d, 8, ¢ are 
unrestricted (odd or even). The first } in a given expansion refers to all 
m or m (as defined above) in the exponent of g. The second & occurs in the 
coefficient of the general power of q, and refers to all solutions, for m or n 
fixed, of the indicated equations (or partitions) at the head of a particular 
set of expaisions. 

For easy reference we staie all the partitions here: 


(I) m==2n,+ my toto. 

(II) + No; Ne-str, Me = tote. 

(III) { m = 2n, + no; m==tr, toro, 

(IV) m==m,+4n.; m—tr, Ne = dodo. 

(V) 2n=2n, + n—dd, nm —d,8,, Ne = 
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We shall write 


Da 
are ¥) = Pare (2; y) 


(—1/h) = (—1)? if h is an odd integer. Since 


pave (2, y) pacd(Y, 


it is sufficient to state the expansion of one of these functions. The constants 
Kate are to be specified with the expansions. 


8. There are 20 expansions in which the partition is (I) of §2. All 


are of the form 
pave (2, y) Fave(2, Y; m) ); 


the first = referring to all m (in the notation explained in § 2), the second to 
all integers defined by the partition (I) for m fixed; namely, % Fave(z, y; m) 
is the coefficient of g”/*. To state the expansions concisely it is sufficient to 
tabulate Kan, and Fave(z, y; m) for the 20 indices abc concerned. Attending 
to the remark at the end of § 2, we need only the following 13. 


abe Kave (Partition (I)) 
(1) 110 
(2) 120 V9 02 
(3) 130 
(4) 213 
(5) 223 V2 
(6) 233 
(7) 000 V0.0, 
(8) 030 VDD. 
(9) 303 V0.0, 
(10) 333 I 902 
(11) 300 VI. 
(12) 033 V IDs 
(13) 200 


The Fave(x, y; m) are numbered correspondingly and are as follows: 


(1) sin(tz + ry)cse 2[cos{ (71 + te) + roy} — cos{ (71 — te) — ]. 
(2) sin(tz# + ry)secr 

+ 2(—1)™(— 1/7;) [sin{ (71 + + roy} — sin{ — — r2y}]. 
(3) sin(te+ 

+ 2(—1)™(—1/r,) [sin{ (2t, + + r2y} — sin{ (2t, — te) — 
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(4)  (—1/r)cos(ta + ry)cse x 
+ 2(—1/r2) [sin{ (71 + + rey} + sin{ (71 
(5)  (—1/r)cos(tz + ry)sec 
+ 2(—1)™(— 1/172) [cos{ (t1 + te) + rey} + cos{ — roy} ]. 
(6) (—41/r)cos(ta + ry) 
+ 2(—1)™(—1/m 72) [cos{ + te) a + roy} +. cos{ (2t, — te) — roy} ]. 
(7) sin tx csc — 2[cos{ (t2 + 71) + 2t1y} — cos{ (tz — 11) 4 — 2ty}]. 
(8)  (—1/m)sin tz ese x 
— 2(— 1/mz) [cos{ + 71) + 2t1y} — cos{ (tz — — 2tiy}]. 
(9) sin 
— 2(—1)™[cos{ (te + + 2tiy} — cos{ (te — 11) — 2ty}]. 
(10) (—1/m)sin tz ese x 
— 2(—1)™(— 1/mz) [cos{ (t2 + 71) + 2t1y} — cos{ (tz — 2t,y}]. 
(11) (—1/r)cos tr secx 
+ 2(—1/rit2) [cos{ (t2 + 71) + 2t,y} + cos{ (t2 — 11) — 2t,y}]. 
(12) (—1/t)cos tasecxr 
+ 2(—1)™(— [cos{ (t2 + 71) + 2t1y} + cos{ (te — 71)" — 2ty}]. 
(13) (—1/r)cos(rx + ty) 
+ 2(— 1/mit2) [cos{ (2t, + r2) + toy} + cos{ — 72) — toy} ]. 


4. There are twelve expansions in which the partition is (II). All are 
of the form 


dade (2, = Tave(x, y) + 4% 


in which T'av-(z, y) is a trigonometric term independent of the partition, and 
the rest of the notation is obvious from §3. As in §8 it is sufficient to 
tabulate here only 8. 


abe Rave Tave(a, y) (Partition (II) ) 

(2) 021 sec csc 
(3) 031 V Is csc y 

(4) 312 ese sec y 
(5) 322 sec sec y 
(6) 332 V Dds sec y 

(7) 311 VIB. csc 
(8) 022 sec sec 


The corresponding F’s follow. 
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(1) sin(2tr + ry) csc x + sin rz csc y 

— 2[cos{ (7, + 2t2)x + roy} — cos{ (7, 2t2)% — roy} J. 
(2) (—1/r)(—1)" cos ra esc y + ry) sec x 

+ 2(—1)™(— 1/7,) [sin{ (71 + + roy} — sin{ (71 — ]. 
(3) sin(2t2 + ry) + (—1)"(— 1/17) cos esc y 

+ 2(—1)™(— 1/r,) [sin{2t, + + roy} — sin{ (2¢, — 2t2) — roy} 
(4) (—1/r)cos(2tx + ry) csc + sin rx sec y 

+ 2(—1/r2) [sin{r, + + roy} + sin{ (71 — 2t2) — roy} J. 

(5) (—1/r) [cos(2tx + ry)sec x + (— 1)" cos rz sec y] 

+ 2(—1)™(— [cos{r1 + 2t2) + roy} + cos{ (71 — — roy} ]. 
(6) (—1/r)[cos(2tz + ry) + (— 1)” cos 2tz sec y] 

+ 2(—1)™(— [cos{ (2t, + + roy} + cos{ (2t, — 2t2)x — roy} ]. 
(7) (—1)*"[sin(2t2 + ry) csc x + sin rz csc y| 

— 2(—1)*"[cos{ + + r2y} — cos{ (71 — 2t2) x — roy} ]. 
(8) (—1/r)[(—1)* cos(2tx + ry)sec x + cos rz sec y] 

+ 2(— 1)™(— [cos{ + 2t2) + troy} + cos{ (71 — 22) x — roy} ]. ( 


5. There are 4 expansions in which the partition is (III). All are 
of the form i. 


¥) = Tare(2, 
+43 9"( Fave(t,y;m)) +4 = Gave(x, y; 2) ) 


(m) 


and as before we need list only 2. 


abe Kave Tave(2, y) (Partition IIT) 
(1) 020 V sec 
(2) 310 esc @. 


The corresponding F’, G follow. 


(1) = sin(rx + 2ty)tan x 
+ 2(—1)%*[cos{ (2d, + + 2toy} — cos{ (2d, — 72) — 2t2y}] ; 
— Go20(x, y; 2n) = (—1)* sin 2dz csc  — sin(7’x + 2t’y)tan + 
— (2d’, + + 2t’2y} — cos{ (2d’, — — 2t’oy} J. 


(2) Fesio(z, y¥;m) = (—1/r)cos(ra + 2ty) cot + 
+ 2(—1)*(— 1/r2) [sin{ (2d, + 72) + 2toy} + sin{ (2d; — r2)% — 2t2y}] 
Gs10(@, y; 2n) = (—1/r’) cos(r’x + cot + (—1)® sin 2dz sec x + 
+ 1/7’) [sin{ (2d’, + + 2t2y} + sin{ (2d’, — — 
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6. For partition (IV) there are 8 expansions, of which only 4 need be — 
tabulated. All are of the form 


a 


9) = 43 m)). 


abe Kate (Partition IV) 
(1) 202 9.05. 
(2) 131 Dos. 
(3) 132 
(4) 201 


The corresponding F’s follow. 


(1) sin ¢tx(cot — tan y) 
— 2(— 1)®[cos{ (t, + 2d2)a + 282y} — cos{ (t, — 2d2)a — 282y}]. 
(2) (—1/m)sin ta(cot x + cot y) 
— 2(— 1/my) [cost (t, + + 28:y} — cos{ (t, — — 
(3) (—1/t)cos ta(tan x + tan y) 


— 2(—1/t,) (—1)%*[sin{ (t,; + 2d2)a + 282y} — sin{ (t; — 2d.) — 28,y}]. 
(4) (—1/r)cos tan + cot y) 
+ 2(— 1/7) (—1)@[sin{ + + 28.y} — sin{ (t, — 2d.) x — 282y}]. 
%. For partition (V) there are 4 expansions, of which only 3 need be 
tabulated. All are of the form 
pare (2, y) abe (2; y) 4 > Fove(2, 2n) 
where Taxc(z, y) is a trigonometric term independent of the partition. 
abe Kave Tave(z,y) (Partition V) 
(1) 222 VI 1—tan y 
(2) 121 V IAs 1 + tan x cot y 
(3) 211 cot x cot y. 
The corresponding F’s follow. 
(1) (—1)®[sin + dy)tan + (—1)4@sin 2dz(tan y — cot x) ] + 
+ 2(— 1) cos 2{(d, + + — cos 2{ (d, — — 82y}]. 
(2) sin 2(dx + dsy)tan — (—1)** sin 2dz(cot x + coty) + 
+ 2(—1)%*4[cos 2{(d, + d.)a + 8.y} — cos 2{ (d, — — ]. 
(3) (—1)°sin 2dx(cot y—tan xz) + (—1)¢sin 2(dz + dy) cot + 


— 2(— 1)%*4[cos 2{ (d, + dz)x + 8.y} — cos 2{ (d, — dz) x — 82y}]. 


i 


130 


233 


000 
030 


303 


333 


202 
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8. It will be sufficient to indicate how one of the foregoing expansions 
can be calculated. We have, for example, 


$223 (2, y) 1 Dy 9. (x) VI (2, y). 

The expansions of the two functions which are multiplied are given in reduced 

form in the papers cited in §1.t Note, however, that we also have, 


(y) 
223( 2, a oD» 223\2, 


this gives an expansion corresponding to partition (IV) whereas the preceding 
identity gives one belonging to partition (1). We are thus led to arithmetically 
different expansions for the same function, which is, of course, desirable from 
the point of view of the applications. Similarly all 48 expansions can be 
calculated. In what follows we list the expansions obtained by the second 
method of calculation; it will be sufficient to give the value of Fuve(z, y; ”) 
since Kare and Tanc(z, y) are the same as before. 


9. The expansions corresponding to partition (I) with 


dave (2, y) 4 ( Pave(2, Y; m) ) 


are as follows: 


abe Fave(X, y; m) 


(— 1/m)sin(tz + ry) 


+ 2(— 1/71) (—1/mz) [sin{ter + (72 + 2t,)y} + sin{t.w + (72 — y}]. 


(— 1/r)cos(ra + ty) 


+ 2(—1)™(— 1/mrz) [cos{ror + (te + y} + + — y}]. 


sin ty csc y — 2[cos{2t,a + (71 + te) y} — cos{2tia + (71 — te) y}]. 
(— 1/r) cos ty sec y 


+ 2(—1)™(— [cos{2t,a7 + (71 + te) y} + cos{2t,a + (71 to) y}]. 


(— 1/t)cos ty sec y 

+ 2(— [cos{2t:a + (71 + te) y} + cos{2tia + (71 — te) y}]. 
(— 1/m)sin ty esc y 

— 2(—1)™(—1/me) [cos{2ta + (rs + te) y} —cos{2te + (71 — 
(— 1/7) cos(tx + ry)sec y 

+ 2(—1/rt2) [cos{ter + (72 + 71) y} + cos{tee + 11) y}]. 


t See also, E. T. Bell, Giornale di Matematiche, vol. 61 (1921), pp. 93-114. 


3] 


02 


8 
0 
3 
= 


011 sin(ra + 2ty)esc y + sin ry csc 
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131 (—1/m)sin(tz + ry)escy 
— 2(— 1)™(— 1/mz) + 71) y} —cos{toe + (r2—11)y}]. 
300 (—1/r)cos ty sec y 
+ 2(— 1/rit2) [cos{2t,¢ + (41 + te) y} + 4+ (41 — to)y}]. 
033 (—1/t)cos ty secy 
+ 2(—1)™(— 1/tite) [cos{2tia + (71 + te) y} + cos{2t + (71 te) y}]. 
1382 (—1/m)sin(ta + ry)sec y 
+ 2(— 1/rimz) + (t2 + 71) y} + sin{tee + — 171) y}]. 
201 (—1/r)cos(tx + ry)esc y 
+ 2(—1)™(—1/r2) [sin{ter + (72 + 71) y} — sin{tex + — 11) y}]. 
203 (—1/r)cos(tz + ry) 
+ 2(—1/rit2) [cos{tex + (r2 + 2t1)y} + cos{ter + (72 — 2t,)y}]. 
10. The expansions in this section correspond to partition (II) with 
abe Pave(X, 1) 


021 
312 
322 
]. 020 
310 


311 


022 


— 2[cos{roa + (2t2 + 71) y} — cos{ror + (2tz— 71) y}]. 
(— 1)"[ (— 1/7) cos(ra + 2ty) ese y + sin ry sec 

+ 2(—1)"(—1/r) [sin{rae + (2t + 71) y} + 
(—1)"sin(ra + 2ty)sec y + (—1/r)cos ry esc x 

+ 2(—1)™(— 1/11) [sin{r2e + (2t2 + 71) y} + sin{ret + (2t2—71)y}]. 
(— 1/r) [cos(ra + 2ty)sec y + (—1)" cos ry sec x] 

+ 2(—1)™(— + + 71) y} + cos{rer + (2t2— 171) y}]. 
(— 1/r)[(—1)* cos(ra + 2ty) + cos 2ty sec x] 

+ 2(— 1)™(— 1/72) [cos{ror + (2t2 + 71) y} + + (2t2—71)y}]. 
(—1)"sin(ra + 2ty) + (—1/r) cos ty ese x 

+ 2(—1)™(— 1/72) + (2t, + 2t2)y} + + (2t, — 2t2) y}]. 
(—1)"[sin(ra + 2ty) esc y + sin ry csc x] 

— 2(— 1)"[cos{rer + + 71) y} — cos{rox + (2t2— 11) y}]. 
(— 1/r)[(— 1)" cos(ra + 2ty)sec y + cos ry sec x] 

+ 2(—1)™(— 1/mir2) + (2t2 + 71) y} + cos{ree + (2t2—71)y}]. 


11. The expansions given below correspond to partition (III) with 
¥) = Tare(2, y) + 4 & Fare(x, y; m)) 
+ 4X  Gare(2, y5 2n)). 


: 
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We have for (abc) = (031) or (332): 


— Fos1(z, y; m) (— 1/r) cos(2tx + ry) cot y 
+ 2(—1)%(— 1/r) + (72 + 2d.) y} — + — 2d,)y}]. 
Gosi(z, 2n) sin 2dy sec y + (— 1/7’) cos(2t’a + cot y + 
+ 2(— 1)*1(— 1/7’2) + (2d’, + 7’2)y — + — 2d'1) y} 
— y; m) = sin(2tx + ry)tan y 
+ + + 2d,)y} — + — y}]. 
2n) —= — (— 1) sin 2dy esc y + sin(2t’e + r’y)tan y + | 
+ + (7’2 + 2d’1) y} — + — 2d’,) y}]. 


12. The following correspond to partition (IV) with 


pave (2, —=4 ( Pavo(z, m)). 
( 
abc Fane(£, y 3m) 
110 (cotz-+ cot y)sin ty 
— 2[cos{2doa + (28, + t,)y} + (282 —t,)y}]. 
120 (—1/r) (tan x + tan y) cos ty ‘ 
— 2(—1/r1) (—1) + (282 + t:)y} + sin{2dox + (28.—t,)y}]. 
213 (—1/t) (cot x — tan y)cos ty 
+ 2(—1/t,) (—1)®[sin{2d.2 + (28. + t,)y} + sin{2d.v + (28 — t,)y}]. 
223 (—1/m) (—tanz + cot y)sin ty 
— 2(— 1/m,) (— 1) @[cos{2d.7 + (282 + t,)y} —cos{2d.a + (28, — t,)y}]. 
13. Finally, the expansions corresponding to partition (V) with : 
¥) = Tare(t,y) +4 Fare(z, y3 2n)), b 
are: 
(abc) Fare(2, y32n) ( 
(222) (—1)4@[sin 2(dx + dy)tan y + (—1)° sin 2dy(tan cot y)] + 
+ 2(— cos +-(8: + do) y} — cos 2{d,e + (8; — dz) y}]. 
(121) (—1)*[— (—1)¢sin + 8y)cot y + sin 2dy(tan + tan y)] + 
+ cos + (8, + d2)y} — cos 2{d,2 + (8; 
(211) (—1)°[sin + cot y + sin 2dy(cot y)] + tl 
— 2(— 1)**2[ cos 2{d,r + (8, + d.)y} — cos + (8, — d.)y}]. 
THE UNIVERSITY OF NEBRASKA. pe 
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CONCERNING CONTINUA OF FINITE DEGREE AND LOCAL 
SEPARATING POINTS. 


By G. T. WHYBURN. 


A point p of a compact metric continuum WM is said to be a point of finite 
degree * of M provided that for each « > 0 there exists an uncountable family 
G of neighborhoods of p in M each of diameter < « and each having a finite set 
for a boundary and such, that for any two neiborhoods U, V of G we have 
either 7 CV or V CU. Similarly, p is said to be of degree « provided « is 
the least cardinal number such that for each « the neighborhoods of G can be 
chosen so that the boundary of each of them is of power =a. (We shall be 
concerned principally with the case where is aninteger.) If X isa given subset 
of M, then p will be said to be of finite degree or of degree a in M relative to X 
provided that, in addition to satisfying the conditions previously stated, the 
neighborhoods of G can be so chosen that the boundary of each of them is a 
subset of Y. These notions concerning the degree of a point should not be | 
confused with the analogous but distinctly different notions concerning the 
order or index of a point as introduced by Menger and Urysohn. Both con- 
cepts will be used in this paper, but careful reading should enable one to avoid 
confusing them. 

A continuum is said to be of finite degree provided each of its points 
is a point of finite degree. In this paper we shall show, among other results, 
that such continua may be identified with the continua previously studied 
by the author ¢ which have the property that any subcontinuum contains 
uncountably many local separating points { of the given continuum. 


(1) THEOREM. All save possibly a countable number of the local separating 
points of any continuum M are points of degree 2 of M.§ 


*See H. Kamiya, Téhoku Mathematical Journal, vol. 36 (1933), pp. 58-72. 

+ See my paper “ Decompositions of continua by means of local separating points,” 
American Journal of Mathematics, vol. 55 (1933), pp. 437-457. 

¢ The point p of a continuum M is called a local separating point of M provided 
there exists a neighborhood R of p in M such that p separates R between some pair 


of points of the component of & containing p. See my paper “Local separating points 
of continua,” Monatshefte fiir Mathematik und Physik, vol. 36 (1929), pp. 305-314. 

§ This theorem is closely related to Theorem 9 of my paper “Local separating 
points of continua,” loc. cit.; compare also Kamiya, loc. cit., Theorem 18. 
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Suppose on the contrary, that there exists an uncountable set H of local 
separating points of M noone of which is a point of degree 2. Then ap- 
plying Theorem 10 of my paper. just referred, to, we obtain a connected open 
subset R of M bounded by two points « and 8 of H and such that « and B 
are separated in & by each point of an uncountable subset H of H. Let Ey be 
the set of all points of # which are condensation points of EH. Then since 
each point of / is a cut point of & it follows by a theorem of the author’s * 
that /, contains a subset S such that ZH) — S is countable and each point of 8 
is a point of order 2 in R relative to S.. 

Now let p be any point of S and let « be any positive number. There 
exists an e-neighborhood U of p in M bounded by two points z and y of 8. 
Let K; be the set of all points in U which separate x and y in U. Then 
K2S8S-U and the set K + 2- y can be ¢ ordered in a natural linear order 
from z to y. Then since and y are points of order 2 relative to 8 and every 
point of S is a condensation point of S and since furthermore K is the sum 
of a Gs5-set and a countable set,{ it follows that there exist 0-dimensional 
perfect sets A and B in K such that if ae A and be B, we have the order 
tr<a<p<b<y. Clearly there exists a (1—1) order reversing corre- 
spondence (a,b) between A and B. Then each pair of corresponding points 
(a,b) determines an e-neighborhood U(a,b) in M bounded by a+ 6; and 
if (a,,b,) and (a:,b,) are any two such pairs and a,.< a2, we have 
U (a;, b,) \ U(a2,b2). Thus p is of degree 2 in M, contrary to supposition ; 
and our theorem is proven. 


(1.1) Any point of finite degree or of degree n is of the same degree in M 
relative to the local separating points of M of degree 2. 


For if p is of finite degree (or of degree n) in M, then for each e > 0 
we have an uncountable family G of e-neighborhoods satisfying the conditions 
of the definition and such that the boundary of each neighborhood is finite 
(or of power =n). Now if we choose the neighborhoods U of @ so that 
every point of the boundary of U is a limit point of M — U, as we clearly can 
do, then every boundary point of a neighborhood of G is a local separating 
point of M. Then since by (1) all. save a countable number of the local 
separating points of M are points of degree 2, it follows that for all save a 


*See my paper in Transactions of the American Mathematical Society, vol. 33 


(1931), p. 450. 
¢ See my paper, loc. cit., p. 446. © 
¢See my paper in Transactions of the American Mathematical Society, vol. 32 


(1930), p. 151. 
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countable number of the neighborhoods U of G, F(U) consists wholly of local 
separating points of M of degree 2; and our result follows at once. 

Throughout the rest of the paper, if M is a continuum then we shall 
denote by L the set of all local separating points of M and by Q the set of 
all points of Z which are of degree 2 in M. Now from (1) and (1.1) we 
have at once 


(1.2) very point Q is of degree 2 in M relative to Q and L—Q 1s 
countable. 


Now since every countable set which separates a continuum M contains 
at least one local separating point of M,* a slight modification of the argument 
given for (1.1) suffices to prove 


(1.3) Every point of countable degree (i.e., = No) of a continuum M 1s a 
condensation point of local separating points of degree 2 of M. 


(2) Tueorzem. If p is a point of finite order or of order n in a compact 
continuum M relative to Q, then p 1s of the same degree in M relative to Q. 


Proof. Given «> 0, there exists an ¢/3-neighborhood of p whose 
boundary consists of a finite number, k, of points po,: px of where 
k =n in case p is of order n relative to Q. For each i= k there exists an 
¢/3-neighborhood V; of p; whose boundary consists of just two points and 
one of which, z;, lies in R and the other in M — R, and these can be chosen 
so that V;- V; = 0, i= j, and Vi: p=0. Now since for each ik, p; is 
of degree 2, it follows that if K; denotes the set of all points separating y; and 
pi in V;, then K;, is uncountable and, in fact, contains a 0-dimensional perfect 
set A; [see the proof of (1)]. The sets K; are ordered from p; to y; as in (1)’; 
and clearly there exists a (1—1—-1—- + -—1) order preserving corre- 
spondence @2, between the sets A;, Ax, 1. e., a grouping 
of the points of these sets into groups (a1, d2,° A; such that when 
A, and < a,? in K,, then for each i= k, a,’ < in Kj. It is 
seen at once that each such group (4, 4@2,° - -,d) is the boundary of an 
e-neighborhood U (a, - -,a) of p obtained by adding to F certain points of 
the neighborhoods V; and that < implies U (a;7, 
C U(a,?, a2”,- - +, a%7). Thus p is of the same degree in M as its order in M 
relative to Q; and hence, by (1.1), it is likewise of the same degree in M 
relative to Q. 


* See my paper “ Local separating points of continua,” loc. cit. 
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(2.1) Coronary. The points of finite degree or of degree n of a con- 
tinwum M are exactly the points of finite order or of order n in M relative to Q. 


(2.2) (Kamiya, loc. cit.) The points of M of finite degree or of degree 
Sn in M form a Go-set. 


(2.3) <Any point of a compact continuum M of infinite degree les in a 
non-degenerate continuum of such points.* 


This is an immediate consequence of (2.1) and of a theorem of Menger’s.t 


(2.4) In order that a compact continuum M be of finite degree it is neces- 
sary and sufficient that any two points of M be separated in M by a finite 
number of points of Q. 


This can be proven at once from (2) by a simple application of the Borel 


Theorem. 


(3) THEorEM. In order that a point p be a point of finite degree of a 
compact continuum M it is necessary and sufficient that dim,(M — Q + p)=0. 


The necessity of the condition follows at once from (1.2). To prove the 
sufficiency, let us suppose dim,(M—Q-+ p) =0 and e>0. Then there 
exists an «/3-neighborhood R of p with F(R) CQ. Now for each ze F(R), 
it follows by (1.3) that there exists an ¢/3-neighborhood Uz of x such that 
F (Uz) consists of exactly two points of @. Applying the Borel Theorem we 
obtain a finite number of the neighborhoods Uz, say Ui, U2,- - -, Ux whose 
sum covers F(#). Then if V=R+U0,+ 02+: -+-+ Un, it is clear that 
U is an e-neighborhood of p whose boundary consists of m or less points of Q. 
Thus p is of finite order in M relative to Q, and hence by (2) it is also of 
finite degree in M. 


(3.1) Corottary. In order that a continuum M be of finite degree it is 
necessary and sufficient that dim(M —Q) =0. 


Note. It follows at once from this that if M? denotes the set of all points 
of M of order 2, then dim(M — M*) = 0, because M— M? CM—Q. (See 
Kamiya, loc. cit.) However, examples are easily constructed to show that the 
condition that dim(M — M?) —0 is not sufficient to make M of finite degree. 


(4) THEoREM. In order that a compact continuum M be of finite degree 


* Compare with Kamiya, loc. cit., Theorem 10. 
¢ See Kurventheorie, Teubner, 1928, p. 128. 
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at a point p it is necessary and sufficient that every subcontinuum of M con- 
taining p contain uncountably many local separating points of M. 


The condition is sufficient. For suppose the condition is satisfied at p. 
Then if p were not a point of finite degree, by (2.2) there would exist a 
non-degenerate subcontinuum N of M containing p no point of which is of 
finite degree. But this is impossible, since by hypothesis N must contain 
uncountably many local separating points of M; and hence, by (1), it contains 
at least one point of degree 2. 

The condition is also necessary. For let p be of finite degree and let 
N be any subcontinuum of M containing p. Then there exists an uncountable 
family [U] of neighborhoods of p of the type we have been considering such 
that for any Ue [U], 8(U) < 8(N) and F(U) is a finite set of local sepa- 
rating points of M@. But clearly for each U we have F(U) - N ~0, and hence 
N contains uncountably many local separating points of M. 


(4.1) _Corottary. In order that a compact continuum M be of finite 
degree it is necessary and sufficient that every subcontinuum of M contain 
uncountably many local separating points of M. 


Now the property involved in this corollary is readily seen to be cyclicly 
extensible and reducible.* Hence we have 


(4.2) The property of being a continuum of finite degree is cyclicly ex- 
tenstble and reducible. 


Following the notation used in my paper “ Decompositions of continua 
by means of local separating opints” (loc. cit.), for any point p of a con- 
tinuum MV let us denote by C;(p) the maximal subcontinuum of M containing 
p and containing only a countable number of local separating points of M. 
Then by (4) we have 


(4.3) In order that p be a point of finite degree of a compact continuum M 
it ts necessary and sufficient that C,(p) =p. 


Now it was shown in the author’s paper just mentioned that the de- 
composition of M into the sets [C,(p)] is upper semi-continuous ¢ and that 
the hyperspace C, of this decomposition has the property that any sub- 


*See Kuratowski and Whyburn, Fundamenta Mathematicae, vol. 16 (1930), pp. 
305-331. 

7 See R. L. Moore, “ Foundations of point set theory,” American Mathematical 
Society Colloquium Publications, 1932, Chapter V. 
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continuum of C, contains uncountably many local separating points of (C. 
Thus by (4.1), Ci is of finite degree. Thus we have 


(4.4) Every compact continuum M admits of an upper semi-continuous 
decomposition into continua with a continuum of finite degree as hyperspace. 


(The hyperspace reduces to a single point if and only if the local separating 
points of M are countable). 


(5) TxHeorem. If M is a regular curve of order S 3, then degree and order 
are identical for all points of M. 


For let p be a point of such a curve M, let k be the order of p and let 
«> 0. Then there exists an ¢/3-neighborhood of p whose boundary consists 
of points px, =3), each point of which is a limit point of 
M—R. For eachi=k, ™ is a point of order 1 either of & or of M—R, 
say of §. Then there exists an ¢/3-neighborhood V; of »; whose boundary 
contains just one point g; of § and such that Vi -V;—=0,i1~j and Vi" p=0. 
Now since no two true cyclic elements of V; can have a common point * and 
since ~, is a point of order 1 of S, it follows at once that p, and q; are 
separated in V; by uncountably many distinct points. Since all such points 
are local separating points of M, it results from (1) that p; and q; are sepa- 
rated in V; by at least one point x; of degree 2 (i.e, a point of the set Q). 
It is easily seen then that the points 2,,- - -, 2% bound an e-neighborhood U 
of p. Thus p is of order & in M relative to Q and accordingly, by (2), 
p is of degree k. 

In contrast to the theorem just proven, it is notable that there exist 
regular curves of order 4 which are of degree ¢ at every point, where ¢ denotes 
the power of the continuum. For the Sierpinski triangle curve + is an example 
of such a curve. To see that every point of this curve is of degree ¢, in view 
of (1.3) we have only to note that its local separating points are countable. 


THE UNIVERSITY OF VIRGINIA. 


*See my paper in the Bulletin of the American Mathematical Society, vol. 35 
(1929), p. 223. 
t See Comptes Rendus, vol. 162, p. 629. 
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THE TOPOLOGY OF (PATH) SURFACES. 


By B. Morrey, JR.t 


In the author’s recent work on the analytic characterization of surfaces 
of finite area, a considerable number of difficulties were encountered, due to 
the complicated topological structure of the most general surface. The object 
of the present paper is to study this structure and to provide a systematic 
treatment of a number of concepts and results which facilitate the discussion 
of the general surface. | 

Before giving a definition of what we mean by a (path) surface, we must 
introduce the notation. We shall use the ordinary notations for the sum and 
product of point sets. If § is any set, we shall designate by S the set S plus 
its limit points and by S* the frontier points of S. If P is a point and S a 
set, we write Pe S instead of “ P belongs to S ” and P&S instead of “ P does 
not belong to 8.” We write 3 C 8S instead of & is a subset of 8. By a Jordan 
region r (in n-space) we mean the interior of a simple closed (nm — 1)-mani- 
fold; we shall frequently also refer to # as a Jordan region. We designate the 
interior of a circle with center at P and radius r by C(P,r). 

Further, we shall use a vector notation throughout: the letters wu and U 
will stand for the codrdinate vector of a point in a set on which a surface is 
represented and the letters x and X for that of a point in the (N dimensional) 
space in which the surface lies. U(u), x(u), X(U), etc. will be vector func- 
tions in these spaces; U, + U2, x; + 22, etc., will denote the sum or difference 
vectors, and | ¢| the length of the vector ¢. If P is in the U space, for 
instance, Up will denote the U-codrdinate vector of P. The distance between 
two points P and Q will be denoted by d(P,Q) or by |up—ug| or 
| Up —Ug| if P and Q are in the wu or U space respectively. All vector 
functions will be assumed to be continuous. 

Now, let z,(u) and X,(U), we #, Ue R (Jordan regions in n-space), be 
two vector functions. Let T, 7: U=U(u), be a 1—1 continuous (sense 
preserving if desired) transformation of 7 into R. Define x.(u) = X2.[U (wu) ] 
and Dr(z,,X2) as the maximum of | z,(uv) —22(u)| for we? Then we 
define || z7,, X2 || as the greatest lower bound of Dy(z,,X.) for all T. By a 
(path) manifold, M, we shall mean a class of equations x = x(u), such that 
if 2,(u), and X,(U) are any two of the z(w), then || 7, X2 || —=0. Any one 
of the equations of the class will be called a representation of the manifold. 


¢ National Research Fellow (1931-1933). 
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It is easy to see that if w,(u), X,(U), and X,(U), we#, Ve R, Ve R, then 
| |= + || X2,Xs |], and also that || || = || Xo, 2 
Thus if || then If n—1, the 
manifold will be called a curve, and if n = 2, it will be called a surface. It 
is clear that a manifold is defined by any one of its representations. This 
definition of manifold is clearly the logical consequence of Fréchet’s + definition 
of the distance between two surfaces (or manifolds). This may be defined as 
follows: Let S, be defined by the equation r—~2,(u), wef, and S82 by 
z=—=X,(U),U eR; then the Fréchet distance || S,, S2 || = || 21, Xe ||, it being 
clear from the above that this is independent of the particular representations. 
Clearly || S;, S. || 0 when and only when S; and 8, are identical. 

I shall now merely give information enabling one to define a point of a 
surface. Let S,S : be a surface and let u; ~u, in Then 
the point P, of S defined by x —2(u,) will coincide with P., that defined 
by = z(uz), if and only if x(~) is constant over a continuum of 7 containing 
wu, and u.. The fact that (see § 2) the collection of maximal continua over 
each of which z(wu) is constant is an “ upper semicontinuous collection (see 
§ 2) of mutually exclusive continua filling up 7,” suggests an intimate rela- 
tion between the structure of a surface and the theory of these collections 
developed by R. L. Moore. With his definition of limit element in such a col- 
lection, it is seen that there is a 1 — 1 continuous correspondence between the 
continua of the above collection and the points of S. Furthermore, it will 
appear later that if z= 2z(u), wef, ande«—X(U), Ue R, are representations 
of the same surface, then there is a 1 — 1 continuous correspondence between 
the collections of continua in 7 and R, each one of which corresponds to a 
point of 8, so that the definition of identity or distinctness of two points of 8 
is independent of the particular representation. 

By a non-degenerate surface, we shall mean one which possesses a repre- 
sentation z= 2z(u), wef, in which z(w) is not constant over any continuum 
of # (i.e. the points of S are in a 1 —1 continuous correspondence with those 
of 7). Unfortunately not all surfaces are non-degenerate. To study the struc- 
ture of the general surface, the notion of a “ hemicactoid ” is introduced. It 
is shown that if H is a hemicactoid and X(U) is a (continuous) vector 
function defined on it, then (1) there exists a “ monotone” transformation 
(carrying only continua into points) U =U(u), we#, of # into H (which 
transformation also satisfies another interesting condition) and (2) if we 
define +(u) — X[U(u)], then all the surfaces x —2z(wu) thus obtained are 


+ M. Fréchet, “Sur la distance de deux surfaces,” Annales de la Société Polonaise 
de Mathématiques, yol. 3 (1924), pp. 4-19. 
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identical. We then introduce parametric representations of surfaces on these 
hemicactoids and it is shown that every surface can be represented on some 
hemicactoid H in such a way that the representing vector function is not 
constant over any continuum of H. Some useful theorems about the relations 
between two different representations of the same surface are demonstrated. 
Finally, a criterion, in terms of its given representation, that a surface be 
non-degenerate is developed and it is shown that a surface “ bounded” by a 
Jordan curve and represented by a vector function, all of whose components 
are monotone in the sense of Lebesgue, is non-degenerate. 


1. On continuous curves in general. In this section we shall recall a 
number of general definitions and results about continuous curves and shall 
develop a representation of a continuous curve which will be of use in later 
work. This representation is entirely analogous to a representation of an 
acyclic (see Definition.14, below) continuous curve developed by R. L. Wilder,t 
the arcs of his representation being replaced, in the present one, by simple 
cyclic chains (see below) of the continuous curve. All point sets considered 
in this section will be supposed to be in a bounded portion of Euclidean 
n-space. 

Definitions 1-16 and Lemmas 1-7 are all either to be found in the litera- 
ture or are easily deducible from known results. They are merely included 
to furnish an adequate introduction to the terminology and certain of the 


results of modern point set theory. 


Definition 1. By a maaimal set possessing a given property, we shall 
mean a set which is not a proper subset of any other set possessing the given 
property. 

Definition 2. By a component of a point set, 8, we shall mean a maximal 
connected subset of S (i. e. a maximal set possessing the property of being a 
connected subset of 9). 

Definition 3. <A set is said to be completely disconnected if all of its 
components are points. 

Definition 4. A point P of a connected set S is said to be a cut point of 
Sif S — P is not connected. Two sets H and K are said to be mutually sepa- 
rated if they have no points in common and neither contains a limit point of 
the other. If H, K, and T are proper subsets of the connected point set M, then 
T is said to separate H from K in M if M—T is the sum of two mutually 


7+ R. L. Wilder, “ Concerning continuous curves,” Fundamenta Mathematicae, vol. 
7 (1925), p. 365. 


| 


| 


20 CHARLES B. MORREY, JR. 


separated point sets containing H and K respectively. In particular, H, K, 
and 7 may be points. 

Definition 5.+ ¢ A point, P, of a continuum C, is said to be an end point 
of C provided that if é is a subcontinuum of C containing P, then P is not a 


limit point of any connected subset of C — é. 


Definition 6. A point set D, is said to be open with respect to a set S, if 
D =S- G, where G is an open subset of the given n-space. 

Definition 7.8 The point set 8, is said to be connected in kleinen at the 
point P, if Pe 8 and every subset D, of 8, which is open in S§ and contains P 
contains a subset d, having all these properties and which is a subset of a 
component of D. 

Definition 8.8 The point set S, is said to be locally connected at the 
point P, if Pe S and every subset D, of S, which is open in § and contains P 
contains a connected subset d, with all of these properties. 

Definition 9.8 A continuous curve is a continuum which is connected 
in kleinen at each of its points. 


Lemma 1. Any two points of a connected subset D, of a continuous 
curve M, which is open in M may be joined by a simple are which is a 
subset of D. 


Proof. This is a subcase of Theorem 10, chapter II, P.S. T. 


LemMMA 2. A necessary and sufficient condition that a bounded con- 
tinuum M, be a continuous curve is that it should be uniformly arcwise con- 
nected in kleinen, 1. e. for every « > 0, there exists a § > 0 such that if P and 
Q are any two points of M at a distance < 8 apart, they can be joined by an 
arc of M of diameter <«. 


Proof. This theorem is well known. The necessity of the condition fol- 
lows easily from the above lemma and the sufficiency from the Definitions 7, 
8, and 9. 


Lemma 3. A necessary and sufficient condition that a bounded con- 
tinuum M be a continuous curve is that there exists a continuous vector 


+G. T. Whyburn, “ Concerning the structure of a continuous curve,” American 
Journal of Mathematics, vol. 50 (1928), pp. 167-194, §1. This paper will hereafter 
be referred to as W. 

tG. T. Whyburn, “ Concerning continua in the plane,” Transactions of the Ameri- 
can Mathematical Society, vol. 29 (1929) p. 382. 

§ R. L. Moore, “ Foundations of point set theory,” Colloquium Publications, vol. 
13, p. 94. We shall hereafter refer to this book as P.S. T. 


il 


THE TOPOLOGY OF (PATH) SURFACES. 21 


function x(u), weF?, F being a Jordan region in k-space, such that the trans- 
formation « = x(u), carries into M. 


Proof. This theorem was originally proved for the case that 7 is an 
interval.t It is easy to see that any & dimensional Jordan region is a con- 
tinuous curve, and also that there exists a continuous transformation of such 
a region into an interval. Hence the above theorem follows. 


Definition 10 (P.S.T., p. 63 and p. 72). If M is a continuum and 
P is a point of M such that there do not exist two points A and B such that 
(1) P separates A and Bin M and (2) P is the only point separating A and 
Bin M, then P is a proper point of M and the set of all points X of M which 
are not separated from P in M by a point of M is called a simple link of M. 
A simple link containing two points will be called non-degenerate. 

Definition 11 (W.,§1). A continuous curve M, is said to be cyclically 
connected if every two of its points lie on a simple closed curve of M. A 
maximal cyclic curve of M is a maximal set C, possessing the properties: 
(1) C is a cyclically connected continuous curve and (2) C is a subset of M. 

Definition 12 (W., §1). By an internal point of a maximal cyclic curve 
C, of M is meant a point of C which is not a cut point of M. 

Definition 13 (W., §1). A subset F, of M is called a cyclic element 
of M if it belongs to one of the following three classes: (a) maximal cyclic 
curves of MZ, (b) cut points of M, and (c) end points of M. Those of class 
(a) constitute the non-degenerate cyclic elements of M. 


Lemma 4 (P.S.T., chapter II, Theorems 68-70). Every simple link 
of a continuous curve M, is a cyclic element of M. Every non-degenerate 
cyclic element of M, is a simple link of M, A necessary and sufficient con- 
dition that a degenerate cyclic element P, of M be a simple link of M is that 
it does not belong to any non-degenerate simple link of M. 


Lemma 5.{ Every continuous curve is the sum of its cyclic elements. 


Lemma 6 (W.,§1). (1) No two cyclic elements of M have more than 
one point in common, (2) the common part of every pair of cyclic elements 
of M is either vacuous or itself a cyclic element of class (b), and (3) the set 
of non-internal points of a maximal cyclic curve of M is countable. 


+H. Hahn, “Uber die allgemeinste ebene Punktmenge, die stetiges Bild einer 
Strecke ist,” Jahresbericht der Deutschen Mathematiker Vereinigung, vol. 23 (1914), 
pp. 318-322. 

~G. T. Whyburn, “Cyclically connected continuous curves,” Proceedings of the 
National Academy of Sciences, vol. 13 (1927), pp. 31-38. 
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Definition 14 (P.S.T., p. 115). A continuous curve is said to be acyclic 
if it contains no simple closed curve. 

Definition 15 (W., §2). A point set X will be called a simple cyclic 
chain of M between two cyclic elements Z, and E, of M provided that X is 
connected, contains HZ, and E., is the sum of some collection of the cyclic 
elements of M, and is such that no proper connected subset of X contains 
E, and E, and is the sum of the elements of such a collection. The elements 
E, and EF, are said to be the end elements of the chain. 


Lemma 7.+ If A and B are any two points of a continuous curve M, 
K denotes the set of all those points of M which separate A from Bin M, 
and t is any arc in M from A to B, then (1) K+A-+B 1s a closed set of 
points of t and (2) each maximal segment S of t— (K + A+B) determines 
a unique maximal cyclic curve of M which contains 8. 


Definition 16. X is a maximal simple cyclic chain of M if it is not a 
proper subset of any other simple cyclic chain of M. 


Lemma 8.{ Let M be a continuous curve in k-space and C a simple 
cyclic chain of M. Then the point set M —C is the sum of a finite or 
denumerable set of components Mn, where (1) Mn is a continuous curve, 
(2) Mn: C = M,—M, —aa single point, (3) Mm: Mn, is null or a 
single point of C, (4) every cyclic element of M containing a point of M,, 
lies in Mn, (5) every arc joining a point of M» to a point of M — M,, contains 
the point Mn — Mn, and (6) for each « > 0, there are at most a finite number 
of the My of diameter =«. 


Proof. First of all, let M, be one of the components of M—C. If Mn 
contained any limit points of M;, Mm-—+- Mn would be connected and thus 
m=n. Hence Mn—M,+ Mn: C. 

Now, let M’, be the sum of all the cyclic elements of M which contain 
a point of M,. Each point Q of M’n— M, lies in a non-degenerate cyclic 
element of M containing a point P of My. Obviously no such point Q can 
lie in Mm, m= n, since each cyclic element of M is connected; thus every 
point (if-any) of M’, — M, lies in C. Suppose Q is such a point; let cp be 
the cyclic element of M’, containing Q, and cg one in CO containing it. Then 


7 G. T. Whyburn, “Some properties of continuous curves,” Bulletin of the Ameri- 
can Mathematical Society, vol. 33 (1927), pp. 305-308. 

¢ The results of this lemma are contained in Theorems (4.3), (4.4), (4.7), and 
(6.5) of Kuratowski and Whyburn, “Sur les éléments cycliques, ete.,” Fundamenta 
Mathematicae, vol. 16 (1930), pp. 305-331. 


THE TOPOLOGY OF (PATH) SURFACES. 23 


cp * Cg so, from Lemma 6 we conclude that Q = cp- cg, that Q is a cut point 
of M and is thus the only point of C-cp. Hence every point of M’n— M, 
is a limit point of M, and M’, = M,. This demonstrates (4). 

Clearly M’,, is a connected set composed of cyclic elements of M, so that 
by W., Theorems 8 and 11, M, is a continuous curve (which demonstrates (1) ) 
and contains all the simple arcs of M joining two points of My. It is thus 
clear that MZ,-C contains at most one point since C also possesses these 
properties. Clearly M.-C +40 since any point of M, can be joined to a point 
of © by an arc of M which has a last point in My. Thus M,-C = M,— Mn 
=a single point. From this and the previous sentence, (2), (3), and (5) 
follow. 

Now we have seen that any are of M joining a point of M, and a point 
of M — M, must contain the point Qn = Mn—My,. In each Mn, let Py be 
as far from @, as possible. Now suppose there is an infinite subsequence of 
{M,}, each of which is of diameter =e. Let {Mn,} be a subsequence of this 
so that the corresponding subsequence {Pn,} converges to Py. Clearly 
(Pry Qn,) = €/2 80 that there exists a K such that for k > K, Pn, © C (Po, €/4) 
and Qn, & C(Po, «/4). Thus none of the Pn,, k > K, can be joined to Py by 
an are of M lying entirely in C(Po, «€/4) since each such are must contain Qn,. 
But this contradicts Lemma 2. 


THEOREM 1.¢ LHvery continuous curve M (in n-space) can be represented 
as the sum of a set M, described below, and a completely disconnected set M’ 
of limit points of M, all of which are end points of M. The set M is repre- 
sented in the form M=C,+ C.:- + where (1) each Cy is a simple cyclic 
chain of M, (2) for each n, My =O, +: +++ Cy is a continuous curve and 
Cnii* My is a single cut point of M which belongs to an end cyclic element 
Of Ons but not to an end cyclic element of C,, and (3) for each e>0 
there exists an N(e) such that, for n > N(e), the diameter of each C, and 
of each component of M — My_, is less than e. 


Proof. Let d be the diameter of M, P and Q be two points of M such 
that d(P, Q) =d, FH and F cyclic elements of M containing P and Q respec- 
tively, and C a maximal simple cyclic chain containing # and fF’ such a chain 
being known to exist by W Theorems 13 and 15. Let {Kn,} be the sequence 
of components of M—C. In each Ky,, let Pn, be a point as far from 


Qn, = Kn,-C as possible, let En, be a cyclic element of % containing Pp, 


7 The essence of this theorem is to be found in Kuratowski and Whyburn, loc. 
cit., § 8. 
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(this element lies in Kn, by Lemma 8), let Fn, = Qn,, and let Cn, be a simple 
cyclic chain of Kn», containing H,, and F,, as endelements. Now let {Kn,n,} 
be the components of Kn, — Cn, for each n,; the totality of the Kn,n, are the 
components of — since Kn,n,@ Kn, Also Kn, n.* Kn, is null 
or a single point of M2, and =0, Let 
ee ee ae let Prin, be a point of Kn,n, as far as possible from 
Qn,n, and determine a simple cyclic chain Cn, nm. 10 Kn,,n, a8 above. Continue 


v 
this indefinitely (i.e. unless I — M, for some n). If we order all of these 


Cn, n, into a single sequence {C,,} so that C,- Mn-1 0 and C, = M, = 6, 
it is clear that the conditions (1) and (2) on the set M are satisfied since no 


ee n, belongs to an endelement of C and Kn,..., 2m has no points in 


common with M — Ky,,..., nm, except a single point of Cn, sata m. We shall 
show that, for every « > 0, only a finite number of all the Kn,, Kn,n.* °°, 
are of diameter = and this will demonstrate (3) since each 
Ch, and each component of M—M, is a Kn,,..., n, for 
some k. Then it will be clear (using (3)) that every point of M—M isa 
limit point of M, and hence, by W., Theorem 11, is an end point of M. By 
P.S. T., chapter II, Theorem 42, this set is completely disconnected. 

Now suppose there were an infinite number of the K’s which were of 


diameter =« >0. By repeated use of the preceding lemma we know that, 


for each k, only a finite number of the Kn,,..., ny, 1 Sj Sk, are of diameter 
=e. Hence it is easy to see that we can find a sequence Kn, © Ki,7, °° :, 
all of which are of diameter = e, each K7,,..., zm, being a particular one of the 


fe 
E,., Let K = K is of diameter =e. Now each C7,,..., 


is so chosen that it sain a point Pr,,..., 7, @8 far as possible and hence at 
a distance => ¢«/2 from Qj,,..., We have seen that 
any are joining a point of K7,,..., =, to a point of Cz,..., 7. must contain 
Qm,..., 7,- Hence it is easy to see that any,arce joining a point of K to a 
point of Cz,,..., 7, must contain all the Qr, a,,'>k. Then let {i} be a 


subsequence of the integers such that 


lim Po and lim Vo. 


Obviously Poe K, Qoe K, and d(Po,Q.) =«/2. Since every are joining 
cates 7, to Po must go through all the points Qr,,...,7,,,, m > k, it must 
go through @. But this contradicts Lemma 2. 


2. Hemicactoids and correspondences. In this section, we shall intro- 
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duce the notion of a “ hemicactoid ” and bring out the relationship between 
hemicactoids and “upper semicontinuous collections of mutually exclusive 
continua filling up” a plane Jordan region. The connection between the 
theory of these collections and the theory of surfaces is suggested by Theorem 1, 
below. 


Definition 1 (P.S.T., p. 28). We shall say that a continuum C, is the 
limit continuum of the sequence {C,} of continua if 


(i) all the limit points of a sequence {P»} of points, Py € Cn, lie in C, and 
(ii) if P is any point of C, there exists a sequence {Px}, Pre Cn,, of 
points which converges to P, {nx} being a subsequence of the integers. 


Lemma 1 (P.S.T., chapter I, Theorem 42). If {Cn} is a sequence of 
continua such that there exists a convergent sequence {Pn} of points, Pne Cn, 
then the sequence {Cy} possesses a unique limit continuum C, which consists 
of all points P satisfying (ii), Definition 1. 


Definition 2 (cf. P.S. T., chapter V, p. 324). A collection G of continua 
is upper semicontinuous provided it is true that if g is a continuum of @ and 
{gn} is a sequence of continua of G, each gn containing a point p, such that 
the sequence {pn} converges to a point p of g, then g contains the limit con- 
tinuum of the gn. 

Definition 3. Given an upper semicontinuous collection G of continua, 
a continuum g of G, and a sequence {g,} of cogtinua of G. g will be said 
to be the unique limit continuum with respect to G Of the sequence {gn} if and 
only if every limit point of any sequence {p,} of points where pne gn for 
each n, lies in g. If there is a sequence {pn} of points, where pp € gn which 
converges to a point p of g, it is clear from Definition 2 that g will be the 
unique limit element of {gn} (with respect to G). 


Remarks. Using P.S.T., chapter V, Theorems 1 and 2, we see that this 
aefinition is equivalent to that given in P.S.T., page 326. Clearly, if the 
continua of a collection are all points, this notion of limit element reduces 
to the ordinary notion of limit point. It is also clear that the notions of closed 
set and connected set of elements of G may be defined in terms of limit element. 


Lemma 2 (P.S.T., chapter V, Theorems 4 and 5). A necessary and 
sufficient condition that a set H, of elements of an upper semicontinuous 
collection of mutually exclusive continua be closed or connected is that the set 
of points covered by H be closed or connected, respectwely. 
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Definition 4. A correspondence between the elements of two upper semi- 
continuous collections of mutually exclusive continua will be said to be 
topological if it is 1—1 and limit elements are preserved. 

Remark. It is clear that if 7’, is a topological transformation of G, into 
G, and T, of G, into G2, then 7T,-T, is a topological transformation of Gp 
into G, if the G; are all upper semicontinuous collections of mutually ex- 
clusive continua (which may all reduce to points in a given collection). 

Definition 5. A vector function, VU = ¢(u), defined on a continuum C, 
is said to be monotone if it is continuous and for every Uo, the set cy of points 
u for which ¢(u) = U, is null or a continuum. 


THEOREM 1. If $(u) is a continuous vector function defined over a 
connected set C which is such that the sets co of points u of C for which 
= (uo) are all closed, then the maximal continua over each of which 
$(u) is constant form an upper semicontinuous collection of mutually ex- 
cluswve continua filling up C. 


Proof. Let {cn} be a sequence of the above continua such that there 
exists a sequence {pn} of points, pn being in c, for each n, which converges to a 
point p of C and let c be the continuum of the collection which contains p. 
Let é be the limit continuum of {c,} and let geé; pec of course. There 
exists a sequence {qn,}, Yn, € Cn, converging to g. Then 


$(q) lim $(4n.) lim = ¢(p), 


and thus ¢(w) is constant over ¢. Hence ¢C ¢ and thus the given collection 
is upper semicontinuous. 


THEOREM 2. Let G be any upper semicontinuous collection of continua 
filling up a connected set C which 1s the outer limit of a sequence of continua 
and let T be a transformation of the elements of G into the points of a set K. 
Let U(u) be the vector function defined on C by the condition that U(u) = Up 
when u belongs to a continuum of G which is carried by T into the point P. 
Then a necessary and sufficient condition that T be topological is (1) that 
U(u) be monotone and (2) the collection of maximal continua over each of 
which U(u) is constant ts identical with G. 


Proof. Suppose T is topological. Let {un} be a sequence of points of C 
converging to the point up» of C, let cy be the continuum of G containing up, 
and let. cn be that containing wu», for each n. From the definition of limit 
element of G, it follows that cy, is the unique limit element of {cn}. Hence 
U(uo) =lim U(un) and U(u) is thus continuous. Furthermore, since 7’ is 
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1— 1, every point u of C for which U(u) = U(u,) lies in ¢. Hence U(u) 
is monotone and (2) is satisfied. 

Now suppose conditions (1) and (2) are satisfied. Let C be the outer 
limit of the continua C’m, let C’m C C’ms, for each m, and, for each m, let 
Gm be the subcollection of G consisting of those continua of G which have a 
point in common with C’m. Clearly the set Cm of points covered by Gm is a 
continuum since it is obviously connected and is closed by P.S. T., chapter V, 
Theorem 2. Furthermore Gm is upper semicontinuous by P.S. T., chapter V, 
Theorem 1. Also (1) C is the outer limit of the continua Cm, (2) the set of 
points Km into which Cm is carried by U = U(u) is a continuum for each m 
and (3) K is the outer limit of the Km. Hence if we show that 
T,T : U=U(u), yields a topological transformation of Gm into Km for each 
m, the desired result will follow. 

Clearly 7 is the transformation of the maximal continua of Cm over each 
of which U(u) is constant into the points of Km and is therefore 1—1, 
U(u) being monotone. The continuity of 7 from Gm to Km is immediate. 
Now let {P,,} be a sequence of points of Km converging to the point Py (of Km), 
let co be the continuum of Gm corresponding to Po, and for each n let cy be 
that corresponding to Pn. Let {pn,} be a convergent sequence of points, 
Pn, €Cn, The limit point po of this sequence is in Cp and, since U(u) is 
continuous, U (t»,) lim U (Up,,) = Uy, so that poe Co. Thus is the limit 


continuum of {¢,} in Gm and hence T is continuous. 


LemMA 3. A necessary and sufficient condition that a plane continuum 
should fail to separate the plane is that it be representable as the product of a 
sequence {R,} of closed Jordan regions each of which contains the nezt. 


Proof. 'The condition is obviously sufficient. 

Now suppose that the continuum C does not separate the plane Il. Then 
any point P of II—C can be joined to o by an are, all of whose points are 
at a distance =dp > 0 from C. Let Ry be the set of all points bounded by 
the outer simple closed curve of the set R’, of points at a distance =1/n 
from C; R’, is known to be a region bounded by a finite number of simple 
closed curves. Then C = I R,, for any point P in C is in each R, and any 


n=1 


point P in I! —C is outside of R, for n > 1/dp. 


Definition 6. By a base set we shall mean a bounded continuous curve 
in the plane which does not separate the plane. 


Lemma 4. Let G be an upper semicontinuous collection of mutually 
exclusive continua filling up a Jordan region 7, no one of which separates the 
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plane although some may separate 7. Then G is topologically equivalent to a 
base set. 

Proof. Let G, be the collection, filling up the plane II, consisting of G 
plus all the points of II outside 7. Clearly G, is upper semicontinuous and 
no continuum of G, separates II. From a theorem of R. L. Moore,t we can 
find a 1 —1 continuous mapping 7,7 : U =U(u), U(u) monotone, of the 
continua of G, on to the points of If. Let {r*,} be a sequence of simple closed 
curves approaching r* uniformly, each containing the next and r* in its 
interior. Now evidently r*, is carried in a 1—1 continuous way into a 
Jordan curve R*, for each n. Now no point interior to r*, corresponds to a 
point exterior to &*, for first, we can find points interior and near to r*, 
which are carried interior to R*, and second, the set of points corresponding 
to rn is connected. Similarly, points outside r*, go into points outside R*,, 
and thus 7 carries all of r, into all of R, and all of I1—#, into all of 
II — Rn, R, being the Jordan region bounded by R*,. Hence each R, contains 
the next, all contain 7'(7), and any point not in T(#) is outside of R, for 


some ” so that 7(7) =][ Rn. That 7'(#) is a continuous curve follows from 
n=1 


the fact that it is the range of values of the continuous vector function U (u) 
(see Lemma 3, § 1). 

Definition 7. By a double cone, we shall mean the surface of revolution 
generated by revolving an isosceles triangle about its base as axis. By the azis 
of the double cone, we mean its axis of revolution; this segment is not part 
of the surface. By the end points of the double cone, we mean the end points 
of its axis, and by its vertex angle, the magnitude of a base angle of a 
generating isosceles triangle. 

Definition 8. Given a rhombus, we shall designate two opposite vertices 
as “end points,” define its vertex angle as half the angle of the rhombus 
subtended at one of the end points, and define its axis as the diagonal segment 
joining its end points. 

Definition 9. By a simple cyclic chain of type A (type B) we shall mean 
a point set obtained as follows: let Z be a closed line segment and F a closed 
set on it; replace each complementary interval of F on L by a double cone 
(rhombus) with the same end points, the vertex angles of the double cones 
(rhombuses) being the same. 

Definition 10 (P.S.T., p. 151). By a cactoid, we mean a bounded con- 


7 R. L. Moore, “ Concerning upper semicontinuous collections of continua,” Trans- 
actions of the American Mathematical Society, vol. 27 (1925), p. 425. 
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tinuous curve (in a metric space) all of whose non-degenerate simple links are 
simple closed surfaces. 

Definition 11. By a canonical cactoid (base set), we mean a bounded 
continuous curve in 3-space which may be expressed in the form in Theorem 1, 
§ 1, the C, being all simple cyclic chains of type A (type B). 


LemMA 5. Any simple cyclic chain of a cactoid (base set) can be mapped 
in @ 1—1 continuous way on a simple cyclic chain of type A (type B). 


Proof. From the definition of cactoid and from the fact (Lemma 4, § 1) 
that every non-degenerate simple link of a continuous curve M is a non- 
degenerate cyclic element of M and conversely, we see that every maximal 
cyclic curve of a cactoid is a simple closed surface. From W., Theorem 24, 
we see that a necessary and sufficient condition that a plane continuous curve 
fail to separate the plane is that each of its maximal cyclic curves is a closed 
Jordan region. 

Now let C be the simple cyclic chain under consideration and let #, and 
E, be its endelements. Let P; = H; if EH; is a point or let P; be an internal 
point (Definition 12, § 1) of H; if #; is non-degenerate, (1 —1, 2), and let ¢ 
be an are joining P, and P,. Let t be mapped in a 1—1 continuous way 
on a line segment L of the desired length. Let K be the set of points sepa- 
rating P, from P, in C; by Lemma 7, $1, all the points of K lie on ¢ and 
K+P,+P, is closed. Let & be the closed set on ZL corresponding to 
K+P,+P.. By Lemma 7, §1 and W., Theorem 1, each arc of ¢ corre- 
sponding to a complementary interval of ¥ on Z determines a unique maximal 
cyclic curve of C and C is the sum of K + F, + F, and all of these maximal 
cyclic curves. Furthermore, if an H; is non-degenerate, there is an arc of f, 
with P; as end point, lying in H; in which case, we say that HY; is determined 
by this are. Now map each of these maximal cyclic curves of C corresponding 
to a given arc of ¢ on the double cone (if C belongs to a cactoid) or rhombus 
(if C belongs to a base set) which has the corresponding end points on LZ and 
the given vertex angle. Clearly this 1— 1 map of C on T, the canonical chain, 
is continuous for, by the argument of Lemma 8, $1, there are only a finite 


number of maximal cyclic curves of C having a diameter = e, for each « > 0. 


Definition 12. A hemicactoid is a continuous curve in 3-space which is 
the sum of a canonical base set B, in the (x,y) plane II and a finite or 
denumerable set of canonical cactoids Kn, each one of which has exactly one 
point in common with B, is otherwise entirely above II, and has no point, 
not in B, in common with any of the other cactoids. 


Definition 13. Two hemicactoids are said to be homeomorphic if and 
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only if they can be put into a 1—1 continuous correspondence in which the 
base sets are also in a 1 — 1 continuous correspondence. 
The following lemma is immediate: 


Lemma 6. Let be ahemicactoid M = B+ Em + M’, (the symbol 


(0) means that the upper limit may be finite or tafbatio) the number of 
simple cyclic chains in either B or the totality of the Km being finite. Let 
(1) «> 0, (2) 7 > 0, (3) T be a simple cyclic chain of type A if the totality 
of the Km contains only a finite number of chains or of type B if this is not 
the case, and (4) P be a point of one of the Km not on an end cyclic element 
other than Km-B of a Km in the first case above, or any point of B* not 
on an end cyclic element of B, (one chain of B) in the second case. Then 
we can find a canonical (i.e. of type A or B) simple cyclic chain C, homeo- 
morphic to T', which may st attached to M at P in such a way that M +0 
is a hemicactoid and, for > (1—1)nz(p), and for0<p<e 
gle) > 0, where nz(p) ts the lower boundary, for di(P, Q) = p of the ratio 
of d(P,Q) to dz(P,Q), dz(P,Q) being the geodesic distance along L from 
P to Q. 


Lemma 7. Any cactoid (base set) can be mapped in a 1 —1 continuous 
way on a canonical cactoid (base set). 


Proof. Let M’ be the given cactoid (base set) and let it be represented 
as in Theorem 1, §1. By Lemma 5, each C’, can be mapped in a 1—1 
continuous way on a simple cyclic chain of type A (type B). Let C’; be so 
mapped on such a chain C, of unit length and vertex angle =7/4. By 
Lemmas 5 and 6, we can find a simple cyclic chain C2, homeomorphic to C’s, 
of length = 1/4 and vertex angle </4 which can be attached to C, at the 
point of C, (not on an endelement of C,) corresponding to the point 
0’,- @’, in such a way that C,-+ C, is a canonical cactoid (base set) and 
ne(p) = = (1 — 1/2?)m(p) for p= 1/2, and m(p) > 0 for 
0< p< 1/2, m:(p) being 7é,(p). It is clear from Lemma 6 that this process 
may be continued indefinitely with e = 1/7, 7 = 1/n’, the length of C, S 1/n?, 
and the vertex angle of C, =7/4. At each stage, the correspondence between 
M’, and M,, set up by uniting these individual correspondences between the 
chains is 1 —1 and uniformly continuous both ways. Also these unite to give 
a 1—1 continuous correspondence between M and M’ (cf. Theorem 1, §1). 
Furthermore it is clear that there exists a continuous monotone function »(p), 
positive for p > 0 and vanishing with p, such that »(p) = n(p) for each n. 
We shall show ¢ that this correspondence is uniformly continuous both ways 


¢ The argument from this point on is essentially that used by H. M. Gehman in his 
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so that it can be extended to the closures, M and M’ of M and M’ respectively 
which shows also that M is a continuous curve and thus a canonical cactoid 


(base set). 

Suppose the mapping of M onto M’ is not uniformly continuous. Then 
there exist sequences {P;} and {Qi} of points of M and an e > 0 such that 
d(Pi,Qi) < 1/1 and d(P%,Q’1) =«. Let n be so large that the diameter 
of any component of M’ — M’, < «/3. Then any arc of M’ joining P’; and 
Q’; contains an arc DP, in M, (entirely, by W., Theorem 8) of diameter 
> «/3. On the other hand there exists a 6 > 0 such that if d(A,B) < 3, 
A, Be Mn, then d(A’, B’) < «/3. Also, since M has the property that any 
two of its points at a distance =p apart can be joined by an arc of M of 
length = 7 *(p) being the inverse function of (p)) and approaching 
zero With p, we see by W., Theorem 9, that M is uniformly connected in kleinen 
and there exists an « > 0 such that if d(A, B) < a, A, Be M, A and B can be 
joined by an arc of M of diameter <8. Hence if 1>1/a, d(Pi,Qi) <4 
and they can be joined in M by an arc of diameter <8 so that the arc 


E,F; in My» is of diameter < 8 and thus the diameter of H’;, i < ¢/3, con- 
trary to the third sentence of this paragraph. 

Now, it is clear that, for every « > 0, there exists an N(e) such that, for 
n > N(e), the diameter of each maximal connected subset of M— Mn < ¢/3. 
Also, by Lemma 2, § 1, M’ is uniformly arewise connected in kleinen. Hence 
the above argument can be used to demonstrate the uniform continuity of the 
mapping of M’ on M. This is what we wished to prove. 


Lemma 8. Let G be an upper semicontinuous collection of mutually 
exclusive continua filling up # and let Gy be the subcollection of G consisting 
of the continua go of G such that no point of go is in a bounded complementary 
domain + of any continuum of G. Then every point P of F is either in a go 
or in a bounded complementary domain of some gp. 


Proof. Let G be the given collection and G, the above subcollection. 
It is clear that if one point of a continuum g of @ is in a complementary 
domain of another continuum of G, all of g is in that complementary domain. 
Now a given point P of # is either in a go or is in a bounded complementary 
domain of some continuum g™ of G; either g® e G, or it lies wholly in a 


paper ‘Concerning acyclic continuous curves,” Transactions of the American Mathe- 
matical Society, vol. 29 (1927), pp. 553-555 in particular. 
» Pp part 
+ A complementary domain of a continuum C in the plane II is a component of 
II—C. A bounded complementary domain of a continuum is an open simply connected 
I y P ply 
region. 
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complementary domain of a continuum g® of G which also contains a cir- 
cular disc outside of g™’. By a repetition of this argument, we obtain a 
normally ordered set -,g@g@),- ++, each and being 
wholly inside a bounded complementary domain of g“*” which also contains 
a circular disc outside of g‘. Thus this set is denumerable and hence there 
is a first ordinal B in Cantor’s second class for which g eG). This proves 
the lemma. 


THEOREM 3. Any upper semicontinuous collection of mutually exclusive 
continua filling up a Jordan region Ff is topologically equivalent to a hemi- 
cactoid. We may further require that a monotone transformation U = U(u) 
of F into H carry the subcollection G, of Lemma 8 into the base set B. If 
U=—U(u) and U=U,(u) are two such transformations of 7 into H and 
H, respectively, then there exists a 1—1 continuous transformation 
U,=0,(U) of A into H, which carries B into B, topologically and is such 
that U,[U(u)] =U, (uw). 

Proof. Now let G be the given collection and G, the subcollection of 
Lemma 8. If we form the collection G’, of continua g’o, where each g’y is & Yo 
plus all of its bounded complementary domains, we see that no continuum 
of G’, separates II, G’y is upper semicontinuous and topologically equivalent 
to G, and, by Lemma 8, fills up 7 Thus G, is topologically equivalent to a 
canonical base set B. Let U =U(u) yield such a correspondence. 

Now the subcollection of G which lies in a bounded complementary 
domain d of some gp plus that go is topologically equivalent to an upper semi- 
continuous collection filling up the surface of a sphere, for there exists a 
monotone transformation of d into the sphere which carries d* into a point 
and is otherwise 1—1. Such a collection is known, from a theorem of R. L. 
Moore (P.S. T., Theorem 20, chapter VII) and from Lemma 7, to be topo- 
logically equivalent to a canonical cactoid. It is clear that there are at most 
a denumerable infinity of such bounded complementary domains, so let them 
be ordered into a single sequence {d,} and let K’, be a canonical cactoid 
corresponding to dn + go (go™ being the go containing d*,), the corre- 


spondence being given by U = U’»(u). Let R’n = 4 Ong + Ky, and let the 
C’n,p be ordered into a single sequence { Cm} such that 

(B+ 0, Om) 0 
for any m=0. Now by Lemma 6, we can find a simple cyclic chain C,, 


of type A, homeomorphic to C, and of length <1, and can join it onto B, 
projecting upwards, at the point of B corresponding to the g, containing the 
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boundary of the d, in # corresponding to the cactoid containing C,. Clearly 
B+ G, is a hemicactoid. Let U(w) be extended to the part dia of da which 
corresponds to C, so that U =U (wu) gives a topological correspondence be- 
tween G. + G-d,, and B+ C;. By Lemma 6, we can find a C, homeomorphic 
to C, of length = 1/4, which can be attached to B + G, at the point corre- 
sponding to the continuum of Go + G+ diq which bounds the complementary 
domain of Go + dia (“> being the set of points covered by Go) in which the 


continua corresponding to C2 lie,t and is such that 


= 2(e) = (1 —1/2?)m(p), p= 1/2, 
> 9, 0<p<1/2, 


where 7:(p) = 72.0,(p). From Lemma 6, it is clear that this may be continued 
indefinitely so that the length of C, = 1/n? and = [1—1/n?]mn-1(p) 
for p=1/m and m(p) >0 for 0<p<1/n. By the method of Lemma 7 
it can be shown that the C, corresponding to the C; of one of the K’,.plus 
the limit points of this set not in any C; add up to a canonical cactoid Ky 


co 
homeoiphic to K’,, that the closure H of the set H=B-+ > C; is a hemi- 


i=1 


cactoid, that B+ Ky, and that U(w) extended as indicated to all 
n=1 

of # remains continuous and yields a topological transformation of G into H 

and G, into B, being monotone consequently. 

The remaining statements are immediate, remembering the fact (remark 
after definition 4) that the product of two topological transformations of 
upper semicontinuous collections of continua is again topological and that the 
notions of limit point and limit element in a collection of continua are equiva- 
lent if the continua are all points (remarks after definition 3). 


Lemma 9. (Given a base set (cactoid) in n-space. There exists an upper 
semicontinuous collection of mutually exclusive continua filling up a Jordan 
region * (the surface & of a sphere) which 1s topologically equivalent to the 
given point set. In the case of the base set it may be further required that 
no continuum of the corresponding collection separates II and also that every 
non-degenerate continuum separates 7. In the case of the cactoid, it may be 
assumed that each non-degenerate continuum of the collection separates %. 


Proof. The lemma for cactoids has already been proved by R. L. Moore 


+ That all of the continua corresponding to C, lie in such a bounded complementary 
domain follows from the arguments of Lemma 8. 


3 
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(see P.S. T., chapter VII, Theorem 23). We shall give a brief proof of this 
part of the lemma using the result for base sets, which we shall now prove. 


~ co 
Let B (B = B’ + > Ci, where the C; are simple cyclic chains of type B, 
i=l 


C,-C; is at most one point, 1+4j, and B’ is completely disconnected as in 
Theorem 1, § 1) be a canonical base set in the plane II, homeomorphic to the 
given base set. Let I1—B be mapped conformally on 11— R, & being the 
the closed unit circle (clearly there is no loss of generality in taking 7 — R), 
by the vector function U = U(u),well—R. Now, by Lemma 1, § 3, U(u) 
remains continuous on #* and is not constant over any continuum of R*. We 
shall proceed to extend U(w) to all of & so that it is monotone, and U = U(u) 
carries & into B in such a way that any non-degenerate continuum over which 
U(u) is constant separates R (but not IT) and is carried by U = U(u) into 
a cut point of B. 

Let 3, be the closed sub-set of R* which is carried into (II—C,)*. It 
is clear from the well known nature of U(u) on (Il1—#)*, that the end 
points of each complementary interval of %, correspond to the same point of 
(1I— C,)*. Hence join each of these pairs of points by a segment and define 
U(u) to be constant over each such segment; let R, be the convex region 
bounded by the simple closed curve formed by these segments and the points 
of K* not cut off by any of them. If we now define the elements of R*, to 
be the continua of R*, over which U(w) is constant, it is seen that at most 
two of these elements are carried into the same point of (II—C,)*. Let each 
point of each element of a corresponding pair be joined to each point of the 
corresponding element by a segment, and define U(w) to be constant over each 
such segment. Now, the remainder of Ff, consists of Jordan regions p, such 
that U —U(u) gives a representation of the boundary of a rhombus of 0, 
on the boundary p*,; hence define U(w) to be continuous in each such p, and 
such that U —U(u) gives a 1—1 continuous map of the interior of the 
rhombus on the interior of py. 

Now, a unique one of the segments on the boundary of R, is carried by 
U =U (u), so far defined, into the unique point C,- C, and has the additional 
property that it cuts off all the points of R* carried into points of C.,— O,- C2. 


Let 2 be this segment plus the set of all these points of R*. Again, each 
pair of end points of a complementary interval of 3, corresponds to the same 
point of C,. Join all these pairs of points by line segments and define U(w) 
to be constant over each such segment. Let R. be the convex region bounded 
by all these new segments and 32. If each continuum of R*, over which U(w) 
is constant be considered as an element, it is again seen that at most two such 
elements are carried by U = U(u) into the same point of C,. Join each point 
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of each element of a pair of corresponding elements to each point of the 
corresponding element by a segment and define U(w) to be constant over each 
such segment. Clearly the rhombuses of Cz, may be mapped in a 1 —1 con- 
tinuous way on the remaining regions of Rf», as before. 

It is now clear that this may be continued indefinitely and that finally 
U(w) will be defined over all of R. It is clear that it will be continuous, 
since, for every « > 0, at most a finite number of the C, and a finite number 
of the rhombuses are of diameter = «. It is also immediate that it is monotone 
and that every continuum of & which is carried into a point of B separates & 
and is carried into a cut point of B. 

To prove the lemma for cactoids, we first replace the cactoid by a homeo- 
morphic canonical one C, the axes of whose simple cyclic chains form an acyclic 
continuous curve lying entirely in II (that this can be done follows from 
Lemmas 5 and 6 and the argument of Lemma 7). Now, we map the closed 
upper half of C on the closed upper half of a hemisphere by projecting it 
onto II, forming a canonical base set B, mapping B on R, and then projecting 
up onto the hemisphere from R. We then extend the mapping by making 
a point P on the lower half of the cactoid to correspond to that point on the 
lower hemisphere which is the reflection in II of the point of the upper 
hemisphere corresponding to the reflection of P on the cactoid. 


THEOREM 4, (tiven any hemicactoid H, we can find a monotone vector 
function U(u) such that U=U(u) carries * into H. If G is the upper 
semicontinuous collection of continua over each of which U(u) is constant, 
1.¢@., the collection corresponding to U(u), and Gy is the subcollection of 
Lemma 8, we may require that U = U(u) carry Go into B. 


Proof. By Lemma 9, we can find an upper semicontinuous collection 
G, filling up * which is topologically equivalent to B and such that none 
of its continua separate the plane. Let U —U,(u) be a monotone trans- 
formation giving such a correspondence. Now order the cactoids of H having 
only one point each in common with B into a sequence {Kn}. Let us take 
#=@Q (obviously we may take *—Q without loss of generality). Now 
RK, joins on to B at a point P,; let p, be a point of the continuum of Gy 
corresponding to P;. Make a transformation of Q into itself defined as 
follows: each point pp, shall correspond to the point p’ on the directed 
ray pip such that d(p’, p’”) =d(p, p”)/2, p” being the last point of Q on 
the ray pip; the point p, will be carried into all the points p’ on the boundary 
of the square d(p,, p’) =d(p., p’”)/2, p” being the last point of Q on the 
ray pip’. Now define U,(u) outside this square as the transform of U,(u) 
and define it inside and on this square so as to be continuous in Q and carry 


36 CHARLES B, MORREY, JR. 


the closed square in a monotone way into K,. That this can be done follows 
from the fact that we may carry it in a monotone way onto the surface of a 
sphere %, the boundary being carried into a point and then, by Lemma 9, 
we can carry = in a monotone way into K,. U,(w) is clearly monotone. 

Now ©, is attached to B at a point P, (perhaps = P,) ; let p. be a point 
corresponding under U —U,(u) to PP, Make a transformation of Q into 
itself similar to the above in which any point p ¥ pz is carried into the point p’ 
on the ray pop such that d(p’, p’”) = (1—1/2*)d(p, p”) and pz is carried 
into all the points satisfying d(po, p’) = d(po, p”)/2*, being the last 
point of Q on pp’. Define U.(u) outside this square as the transform of 
U,(u) and within and on the square so as to be continuous in @ and carry 
the closed square in a monotone way into K». Clearly U2(w) is monotone and 
U =U.(u) carries Q into B + K, + K, and the twice transformed collection 
G. topologically into B. 

Let this be continued indefinitely. A simple analysis serves to show that 
the sequence {U,,(w)} converges uniformly to a monotone function U(u) with 
corresponding collection G, that Go = and that U =U (wu) carries Q 
into A and G, topologically into B. 


TuHeorEM 5. Let H be a hemicactoid with base set B and canonical 


cactoids Cm; we have B=>B,+ B’ and Cnn + where the 


n=1 n=1 
B’ and C’m are mutually exclusive completely disconnected sets and Bn and 
Cm,n are simple cyclic chains of types B and A respectively joined together as 
in Definition 12 and Theorem 1, §1. Now on each B, and Cm,n, let there be 
determined a continuous monotone transformation T, (for Bn) and ahead 
(for Cmn) of each into itself, which carries each non-degenerate cyclic element 
into itself and carries the end points into themselves; we do not assume that 
the transformation is 1—1 necessarily. Then we can find a hemicactoid H’ 
with base B’ and cactoids O’m such that (1) there are 1—1 continuous trans- 
formations S “ of Cmn into C’m,n and Sn of Bn into B’, which are conformal 
(with the obvious conventions at vertices) between corresponding non- 
degenerate cyclic elements and (2) the transformations and 
[Sn] Tn®, defined respectively on C’mn and B’n, unite to form a con- 
tinuous siiniltone transformation of H’ into H which carries B’ into B. 


Proof. Let B’ i= - By. By Lemma 6, we can attach a simple cyclic chain 
B’, homeomorphic to Bz at a point of B’, which is carried by (S,)77, 
(S, being taken to be the identity) into the point B,- B.; clearly we may 
assume that the transformation S,‘ of B. into B’, is conformal between 
corresponding non-degenerate cyclic elements. It is clear by Lemma 6 that 


Co oO 
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this can be continued indefinitely for the B, and then for the Cmn arranged 
in a single sequence. By arguments already used, all the conclusions may be 
demonstrated. 


3. Monotone transformations in the plane. In this section, we shall 
merely develop a few important theorems about monotone transformations 
of one plane set into another. 


Lemma 1. Let w=—f(z), f(z) being analytic in Ko, the unit circle except 
for a possible single pole, carry Ry in a 1—1 conformal way into a simply 
connected region D which may be infinite. Then a necessary and sufficient 
condition that f(z) be continuous on R*, is that D* be a bounded continuous 
curve. If this is the case, no continuum of R*, corresponds to a point of D*. 


Proof. That the condition is necessary is obvious. 

Let us assume, then, that D* is a bounded continuous curve. Then every 
point of D* is accessible from D.t Thus each prime end { of D* consists 
of a single point. From the results of Caratheodory,{ one immediately con- 
cludes that f(z) is continuous over R*, and that no continuum of R*, 
corresponds to a point of D*. 


Lemma 2. Let U=U(u) be a monotone transformation carrying a 
Jordan region 7, into a base set B, in which no continuum over which U(u) 
is constant separates Il. Then we can find a monotone transformation 
U=U’(u), of the whole plane I, into itself such that U’(u) =U(u), 
wef, and U =U’(u) is 1—1 and continuous for ¢ 1 


Proof. If B consists of a single point, the theorem is immediate, for 
we may define G, to be the upper semicontinuous collection of continua con- 
sisting of * plus all the points of I—7. From a theorem of R. L. Moore,§ 
we can find a monotone transformation U = U’’(u) of II into itself carrying 
G, topologically into the points of II, and 7 into some point U,”. If we define 
U’(u) =U" (u) + U— (U=U(u),uer), U=U’(u) satisfies the 
requirements. 

Now if B does not consist of a single point, map I1—B in a 1—1 
conformal way on by a function U =U” (u’); U =U” (w’) is con- 
tinuous on 7* and no continuum of r* corresponds to a point of (i By, 
by Lemma 1. Now it is well known that there exists a monotone trans- 
formation of II into itself, which is 1—1 and continuous off of r*, and 


7 R. L. Wilder, loc. cit., pp. 350-351. 
¢ C. Caratheodory, “ Die Begrenzung einfache zusammenhingender Gebiete,” Mathe- 
matische Annalen, vol. 73 (1913), pp. 323-351 and footnote, page 251, especially. 
§ R. L. Moore, loc. cit. (not P. 8. T.). 
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carries any upper semicontinuous collection of continua on r*, none of which 
separates r*, topologically into the points of r*. Now, the collection of 
maximal continua of r* each of which corresponds to a point of (II—B)* 
is upper semicontinuous and no one includes all of r* or separates r*. Hence 
we have such a transformation u’ = w’(u), such that U”’(u’) = U(u), wer*. 
Hence if we define U’(u) = U”[u’(u) ], we —#, and U’(u) =U (u), wef, 
then U’(u) is continuous and monotone over all of II and satisfies the other 
requirements. 


Definition 1. By the oscillation of a vector function ¢(w), over a set E, 
we mean the least upper bound of | $(w:) —¢(ue2)| for all pairs (1, we) 
of points of £. 


THEOREM 1. Let T: U=U(u), be a continucus monotone trans- 
formation of an open simply connected region r, into an open simply connected 
region R, and let G be the collection of maximal continua over each of which 
U(u) is constant. Then 


(i) no continuum of G separates r; 

(ii) the points of any closed Jordan region d, are carried by T into 
points of the continuum D=D-4+ D*, where D* =T(d*) and all points 
(if any) of D are separated from c by D*; 

(iii) if d is any closed region in r, the oscillation of U(u) over d is equal 
to its oscillation over d*; and 

(iv) all the points of r carried into a simply connected open region D, 
of R, form a simply connected open region d, of r. 

If we replace r and R by closed Jordan regions * and R, in the hypotheses, 
all the above conclusions hold, and we may add that no continuum of G con- 
tains all of r*. 


Proof. (i) is immediate since 7 is a topological transformation of G 
into R and since by Lemma 2, § 2, the set of points of r belonging to a con- 
nected set of elements of G is connected. 

To demonstrate (ii), let P be a point of R which can be joined to a point 
Q of R* by an arc T (open at one end) containing no point of D*. To this 
arc corresponds a connected set y, of points of r having no point in common 
with d*. Let the are T be the outer limit of arcs T, +T,-+---, where 
T'n41 — Tn and all have P as one end point. Then y is the outer limit of yn, 
where yn is the continuum corresponding to T,. Now y is not closed since 
I’ is not; hence if y were entirely interior to d*, it would have some limit 
points in d and from the continuity of U(u), these would be carried into Q 
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which is impossible. Hence 7 lies outside d* so that all the points corre- 
sponding to P lie outside d*. This proves (ii) since Q may be joined to 
by a continuum containing no points of F, and (iii) follows immediately 
from (ii). 

Now it is well known that in any plane transformation all the points 
of the original set corresponding to an open set in the transformed set form 
a set open with respect to the original set. Thus, to any simply connected 
open region D, of R corresponds a connected open region d, of r. Now, let y 
be a simple closed curve in d; T=T(y) lies in D. By (ii) and the simple 
connectivity of D, it follows that the interior of y is carried into a subset of D. 
Thus d is simply connected. 

The proof of (i) is the same if r and # are replaced by the Jordan regions 
# and R respectively. Let @ be replaced by G and suppose a continuum J, 
of G contains r*. Now #—g is obviously open, connected (by i), and is 
simply connected, since its boundary is a continuum clearly. Thus we may 
carry * in a continuous monotone way into the sphere, the transformation 
carrying g into a point being 1—1 otherwise. This determines a collection 
G, on the sphere which is topologically equivalent to G, and of which no 
continuum separates the sphere again using (i). From a theorem of R. L. 
Moore (P.S.T., Theorem 19, chapter V), such a collection is topologically 
equivalent to the sphere. But G was given topologically equivalent to & which 
contradicts the above. Thus no continuum of G contains r*. Having shown 
this, we may extend T to the whole of II, 7 being 1—1 for u outside 7. By 
letting 7, be an open Jordan region, containing 7 and by considering the 
extended transformation in this region, we see that the remaining results may 
be easily shown. 


THEOREM 2. Let T, T: U=U(u), wer, be a continuous monotone 
transformation of an open simply connected region r into another open simply 
connected region R. Then there exists a sequence {Tn}, Tn : U = Un(u), of 
1— 1 continuous transformations of r into R such that the Un(u) converge 
uniformly to U(u) on each closed subset of r. If we replace r and R by 
Jordan regions 7 and R respectively, we may choose the sequence {T»} so that 
the Un(u) converge uniformly on the whole of #. 


Proof. It is clear that we may assume RF to be the interior of Q, the 
square (0,0; 1,1). Define C;,; as the line V—j7/2‘, Di; as the line 
U = 7/2+, c;,; as the connected set of r corresponding to C;,;, and d;,; the 
connected set of r corresponding to Di; (i =1,2,°- +3 

2t-1 2t-1 


Now, for each i, =r—> ci; and A; each consist of 24 
j=1 


i 
4 


40 CHARLES B. MORREY, JR. 


mutually separated simply connected regions yi,j and 94;,; respectively 
(j=1,---,2*); let r+; be the simply connected region (corresponding to 
the open square of R) In each (7,4 =1,-° +, 2*—1) 
(i.e., omit the last row and column), choose a point p‘;x, and, for each 7, 
2‘—1, let be an open curve which passes through all the 
in yi,;, lies entirely interior to yi,;, divides it into exactly two parts, but is 
such that no segment of it divides y;,,;; and for each k, 1 =k S 2¢—1, let 
din be a similar curve in 8;% which has only the point p*;,, in common with 
the curve ¢;,; for each 7. Now it is clear that we may find a 1 — 1 continuous 
transformation of r into R which carries ¢;,; into Ci,; and dij into Di,j;. We 
define 7;, 7; : U =U;(u), to be any such transformation. 

Now let p be any point of r, cp the continuum of the collection corre- 
sponding to U(uw) containing it, and P the point of R corresponding to it 
under 7. Let (,‘, C.‘, D,‘, and D.‘ be division lines of the 1-th division of 
R (= @Q) such that, for each 7, P is interior to the rectangle R; cut off by the 


co 
lines and such that P=J[R;. Let c;‘, dj‘, and r+ be the sets in r corre- 
i=1 


sponding under 7’ to Dj‘, and Kj, respectively (j = 1,2); and let C4n,;, 
;, and be the corresponding sets under 7’, (n =i), the and d‘n,; 
being among the Z,,; and dp»,j. Then, for each i, there exists an Ni,p such 
that, for n> Nip, pecpC Tim and hence Pn»—Tn(p)e Ri. Hence the 
sequence {U;(u)} converges for each u. Now, if we restrict ourselves to the 
region 7, with its boundary which corresponds under T to the closed square 
1/2%°=u, v= 1— 1/2", we see thati the convergence is uniform. For it is 
clear that we can find a 8; > 0 such that if | < 8, p and (p,q € fn) 
are necessarily within some “cluster of four” of the 7‘; corresponding to 
four of the R‘;;, in a cluster of the form HM, and hence within a cluster of nine 
of the ary = T',,1(R*;,). Thus for m > i, 


| Up, — | < 3(2)%/2* if | < &. 

4. The representation of surfaces on hemicactoids. In this section, it is 
first shown that, if H is any hemicactoid and Y(U) is a continuous vector 
function defined on H, (1) there exists a monotone transformation U = U(w) 
of a Jordan region # into H which carries the subcollection G, of the corre- 
sponding collection @ into B, and (2) if we define 2(w) = X[U(u)], then 
x= x(w) is a surface and all surfaces thus obtained are identical in the sense 
of Fréchet. This suggests the possibility of allowing surfaces to be represented 
on hemicactoids. The remainder of the section then treats of the fundamental 


questions of such a theory of surfaces. 
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We have defined the Fréchet distance || S;, S2 || between two surfaces S, 
and S, in the introduction. The following lemma is an immediate consequence 
of these definitions. 


LemMA 1. (a) || || = |] (b) |] Si, Ss || S & | 
+ |] S2, Ss |]; (c) af |] || = |] S2, Se |] =0, then || 82 || = |] 51, 82 ||; 
and (d) tf lim || S, Sn || = 0 and x = 1s any representation of S, we can 


find representations = &n(u), of Sn such that the an(u) converge uniformly 
to x(u). 
Definition 1. If lim|| 8,8, || 0, we say that S, approaches S or 


®, 
lim S, = 8. 


Lemma 2. Let T,; T: U=U(u), and 7,, T, : U=U,(u), be two 
continuous monotone transformations of 7 into a base set B, and G and G, 
the collections of maximal continua over each of which U(u) and U,(u), 
respectively, is constant (hereafter, we shall call these collections, the col- 
lections corresponding to the given monotone transformations). If no con- 
tinuum of either G or G, separates the plane and we define the “ surfaces” S 
and 8S, by S: U=U(u), 8,: U=U,(u), then S and 8, are identical in 
the sense of Fréchet. 


Proof. ‘Let T and T, be extended monotonely to the whole of II, each 
being 1— 1 outside of 7. Let Ry be a sequence of closed Jordan regions such 


that R, > for each n and and let be T-*(Rn) and be 


n=1 
T,"(R,). It is clear that the Jordan closed curves r*, and 1*;, approach 7* 
uniformly and hence also that S, > S and Sin — S, respectively where S,, and 


Sin are defined by 
S,: U U(u), Sin: U =U, (u), we Fin. 


But now, by Theorem 2, § 3, there exists a sequence {7m}, Tm : U =Um(u), 
of 1—1 continuous transformations of 7, into R, which approaches 7 uni- 
formly. Thus it follows immediately (from the definition of a surface) that 
Sn = 8’n, where S’, : U’ =U, Ue Ry. Similarly Sin = 8’n, so that Sn = Sin, 
for each n. Thus it is easy to see that S = Sj. 


Lemma 3. Let S,S: be a surface and let be a con- 
tinuum of * which corresponds to a point of S and possesses a finite number 
of bounded (simply connected) complementary domains D,,-:-+,Dn. Let 
C, be a simple closed curve in D, and R, the Jordan subregion of D, bounded 
by C,. Let T, be a 1—1 continuous transformation of D, into R, and let 
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S, be represented by x—2,(%), where —=2(u), u and being 
identical if u is outside D,, u and i corresponding under T, if ue D,, or 
ie D, — R, and we D*,, simultaneously. 


Then z,(a) is continuous and S, is a surface identical with 8. 


Proof. It is easily seen that z,(a) is continuous. 


Let R,“™ be a sequence of open Jordan regions where R,“™ C Ryo» 


for each m and D, = > R,™. Let 7,“ be a 1—1 continuous transforma- 


m=1 
tion of R, into R,“” and suppose that the sequence {7,°”} converges 
uniformly to 7',-* on every closed subregion of R,. It is clear that we may 
define for each m, a 1—1 continuous transformation of D,— R,“™ into 
D,— R, which is the identity near D*, and which preserves a preassigned 
correspondence between #*, and R*,“”, Hence we may define a sequence 
{Tm}, Tm : i =tm(u), of 1—1 continuous transformations of 7 into itself 
which is the identity for w not in D,, is (7,™)-1 for ue R,”, and is the 
correspondence in the preceding sentence for ue D,— R,™. If we define 
Im(U) = it is easy to see that {a%m(u)} converges uniformly to 
xz(u). But each of the surfaces Sm, Sm : = %m(w), is identical with S, and 
by the preceding sentence, lim || 8, Sm || —0. Hence S = S8;. 
m->Co 


Lemma 4. Let C be a double cone and X(U) a continuous vector func- 
tion defined on it. Suppose there exist two monotone transformations T, 
T: U=U(u),andT,,T,: U=U,(u), of # into OC, r* being carried by each 
into the same endpoint of C. Let S and 8, be defined by 


=X[U(u)], S,: 7=2,(u) = X[U;(u)]. 
Then S = §;. 


Proof. Let G and G;, be the collections of continua in 7 corresponding 
to T and T, respectively and let g* and g*, be the continua of G and Gi, 
respectively, which contain r*. Now, clearly (using Lemma 2, § 2 and the 
fact that g* and g*, are continua), the regions D = 7 — g* and = 7 — g*, 
are simply connected. Now, let VU = U:(v) be a monotone transformation of 
the unit circle R) into C which carries R*, into the above endpoint and is 
otherwise 1—1 and let be represented on Ry by x= yx(v) = X[U2(v)]. 
Clearly there are “ induced ” monotone continuous transformations v = v(w), 
and v=v,(u), of D and D,, respectively, into Ry (= Ry — R*,) such that 
U(u) =U,[v(u)] and U,(u) = U.[v,(u)] for wu in D and D, respectively. 
Now there exist sequences {rn} and {rin}, tn V=Un(U), 2 
of 1—1 continuous transformations of D and D, respectively, into Ro, such 


| 
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that {vn(w)} and {v1,»(w) } converge uniformly tov(w) and v,(w) on all closed 

subsets of D and D,. Now let {Dm} and {Dm} be sequences of closed Jordan 

regions such that Dm C Dims: and Dim C Dims: for each m, and D = > Dm, 
m=1 


D, => Dim. Now, let Sm and Sim be defined by 
m=1 
Sm: ©=2(u), we Dm, Sim : 2,(u), we Dim. 


Clearly {Sm} and {Sim} converge to S and S;, respectively. Now, for each m, 
let mm be so large that | vn,,(w) —v(u)| <1/m, we Dm; and 


| V1,m(U) —Vi(u)| << 1/m, we Dim, 


and let Rm and Rim be the Jordan regions in Ry corresponding, under tp,, to 
Dm and Dm, respectively. Let S’m and S’:m be defined by 


Wm we Dm, 
L L1m(U) = X{U2[v1,n,,(u) ]}, Dim. 


Since (wu) = X{U2[v(u) ]} and z,(u) = X{U2[v1(u) ]}, it is easy to see that 
Sm’ and Sm approach the same limit. Since Sn’ = S,,”, : «= X[U2(v)], 
ve Rm, and since it is clear that converges to we see that {S’m} 
converges to So. Similarly {Sim} and {8’:m} converge to the same limit, 
{S’im} converging to S,. Thus S = S,—48S,, which proves the lemma. 


Lemma 5. Let the hypotheses of Lemma 4 be satisfied with C being any 
simple cyclic chain of type A instead of merely a double cone. Then also, 


S,=S. 


Proof. First of all, let P and Q be two cut points of any simple cyclic 
chain C’, of type A and suppose P separates Q from an endpoint E£, of C’. 
Let T” be a continuous monotone transformation of # into C’ in which r* is 
carried into Z, and let @’ be the corresponding collection of continua in 7. 
Now, using Lemma 2, § 2, we see that (1) the continua g’p and g’g of G corre- 
sponding to P and Q respectively, each bound exactly one simply connected 
region, say d’p and (2) C d’p, (3) the region 1’p,q = d’p — — 9, 
between, g’p and g’g, is doubly connected, and (4) gp+7pe+ ge can be 
mapped in a monotone continuous way on to the surface of a sphere, g’p and 
7 q being carried into any two distinct points, the mapping being 1—1 and 
continuous otherwise. Hence, if we replace the part of C’ between P and Q 
by another simple cyclic chain C’p.q of type A with endpoints P and Q, 
we can find an upper semicontinuous collection, G’p.q filling up 7’p,q so that 
= + op + and — G’p.o + are upper semicontinuous 
collections topologically equivalent to and C’ —C’p,qg + C”p.q respec- 


= 
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tively, where C’p.q is the part of C’ between P and Q, C’p.g = C’p.g +P + Q, 
and G@’p. is the subset of G filling up 7’p,q and corresponding to C’p,g. This 
can be done in virtue of (4) above and the fact that a collection G”’p,g can be 
found on the sphere topologically equivalent to C”’p,@ in which P and Q 
correspond to points on the sphere (using Lemma 9, § 2). 

Hence, form Gm from C by replacing each double cone of C of length 
<1/m by its axis, and define X¥m(U) on Cm by letting Xn(U) =X(U), 
UeC:Cn, and Xm(U) = X(U’), for U on the axis of one of the replaced 
double cones of C, U’ ranging linearly over the broken line consisting of the 
two equal sides of a generating triangle of that double cone as U ranges over 
the axis. In each region in 7 corresponding to such a double cone, replace the 
part of G and G, corresponding to the double cone by a new collection topo- 
logically equivalent to the axis. It is easily seen that the new Gm and Gim are 
upper semicontinuous. Hence let U = Um(u) and U = Uim(u) be the corre- 
sponding monotone transformations of 7 into Cm; and let Sm and Sim be 
defined by 


Sm: 2—=In(U) =Xm[Um(u)], Sim: = Xm[Uim(u) 
Then it is clear that lim Sn S and lim Sim = S,, noticing that {Um(u) } 


m—>0o m—>00 
and {Uim(u)} converge uniformly to U(u) and U,(w), respectively. Now, 
let Cmn be formed from Cn by dividing each interval of Cm between successive 
double cones into n equal parts and replacing each subinterval by a double cone 
with the same end points and the proper vertex angle. Define Xmm(U) on 
Cm,n by the relations 


Xmn(U) = Xm(U), Ue On: Xmmn(U) = X,(U’), Ge Cus 


U’ being the intersection, with the axis of Cm» of a plane through U and 
perpendicular to the axis. Now let U=Umn»(u) and U =U,,mn(u) be 
monotone transformations of into coinciding with Um(u) and Uym(w) 
except on regions corresponding to Om —Cm* Cm n and define Smn and S4,m,n 


as indicated above. Now, again, lim Smn,n = Sm and lim S1,m,n = S1,m. Hence 


we shall prove our theorem for chains C made up entirely of a finite number 
of abutting double cones from which the general case will follow by limiting 


processes. 
We shall prove the theorem for this case by induction on the number n, 
of double cones. We have proved the theorem when n—1 in Lemma 4. 
Suppose the theorem is true for n =k and that C has k +1 double cones. 
Let C; consist of the first & double cones of OC, starting from EF, let FE; be the 
other end point of C;, and let g, and g., be the continua of 7 corresponding 
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to under 7 and T,, respectively and and the regions bounded, 
respectively, by gx and giz. Let Cx be a simple closed curve in d; and Cx one 
in d,, and let Ry be the Jordan subregion of d, bounded by Cy and Rx that 
of d,x, bounded by Cy. Let 7; be a 1—1 continuous transformation of dx 
into R;, and 7x, one of dy, into Ry. Let and be defined for and 
i, on by the relations and where 
ue dy, u and correspond under 7; if we dx, or we d*, and ie dy — Ry, 
simultaneously, an analogous statement holding for u and @,. Then 2 = Z(i) 
and Z,(%,), i, are representations of S and respectively, by 
Lemma 3. Now, let S; and Six, be given respectively by tx—ay(u) and 
2,(u), where 
(u) = we dk, re (u) = X(Un,), we dx, 

and 2,(u) is defined analogously. By Lemma 3, S, and Sx are also given 
by and respectively, where and are 
obtained from and in the way that a(w) and are obtained 
from a(u) and 2x,(u), and *—d,, being replaced by *— R, and 
* — Ry, respectively. By hypothesis of the induction S; = Sx, so that there 
exists a sequence {7;,n} of 1—1 continuous transformations of # into itself, 
and hence a sequence {t%n}, Tk,n (%), of such transformations of 
* — R,, into * — R,y, conserving a given correspondence between C; and Ci, and 
such that the sequence {%,(a%)}, defined on 7 — Ry by = din (a) 
converges uniformly on to Z(%). Now let and oi, be the surfaces 
defined on by x and 2’;,(u), respectively, where 


(u) = we dy, =X(Un,), — a, 

and 2’,z(u) is defined analogously. By Lemma 3, ox and ox are represented 
on Ry, and respectively, by = ie Ry, Ry. By 
Lemma 4, ox, =o (the part of S and S;, corresponding to the last double 
cone of C) so there exists a sequence of 1—1 con- 
tinuous transformations of R, into Ry, preserving the above correspondence 
between F*, and R*,,, such that the sequence {Z,(a%)}, defined on Ry by 
In (ti) = (%)], converges uniformly on to Now, for each 
nN, Ten and 7%» unite to form a continuous transformation Tin, 
Tin of into itself and the above is seen to be con- 
tinuous over 7 and also given by = (%@)]. Hence S 8, and 
our induction is complete. 

TuEoREM 1. Let H be a hemicactoid and X(U) a continuous vector 
function defined on it. There exists a continuous monotone transformation 
U =U(u), with associated upper semicontinuous collection G, of a Jordan 
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region *, into H which carries the subcollection Go, of Lemma 8, § 2, topo- 
logically into B. If we define x(u) =X[U(u)], then x =—-2(u) is a surface 


and all surfaces obtained in this way are identical. 


Proof. The first part of the theorem has been proved in Theorem 4, § 2. 

To demonstrate the last part, let T, 7: U =U (wu), and T,, U =U; (uw), 
uef, be two continuous monotone transformations with corresponding col- 
lections G and G,, which carry the above subcollections G) and Gyo, into B. 
Let S and S, be the corresponding surfaces obtained as above. Let us repre- 
sent H by 


= oo 
H*, 
n=1 
where, for each n, C, is a simple cyclic chain of type A such that 
n-1 
C,- [B+ 5 ;] is an end point of C,, and H* is a completely disconnected 
j=1 


set of limit points of B + Cn. Let = B, An—B+ Cn, let Gn and 
j=1 j=1 
Gin be the subcollections of G and G,, respectively, corresponding (under T 
and T,) to Hn, and let a. and Gu. denote the respective sets of points of 7 
covered by these collections. Now it is easy to see (using the method of 
Lemma 8, § 2) that G, is a continuum, that every point of # either belongs 
to G, or is in a bounded complementary domain of a continuum of Gp», and 
that the same statements hold for Gin. Thus, for each n = 0, let G’n be the 
collection of continua g’n, each g’n being obtained from a g, by adding to it 
all the complementary domains of Gn which it bounds, and let G’;n be simi- 
larly formed from Gin. Let Tn, Tn: U = Un(u), and Tin, Tin: U = Uin(u), 
be the monotone continuous transformations of 7 into Hn, which have G’, and 
G’ in as their respective corresponding collections. Let S, and S1n be defined by 


8, @=2,(u) = X[U,(u) ], Sin © = X[Uin(u) ]. 


Then clearly the sequences {U,(uw)} and {Uin(u)}, converge uniformly to 
U(w) and U,(u) respectively, and lim S, —S and lim Sin —8;. Hence, 


if we prove the theorem for the case when the number of C, is finite, the 
general case will follow by a simple limit process. But the proof of this finite 
case may be handled by induction in precisely the same way that the corre- 
sponding proof in Lemma 5 was carried through. 
The above theorem gives a logical justification for surfaces to be “ repre- 


sented” on hemicactoids. The remainder of this section will be devoted to 
certain essential parts of a theory of such representations. 


Definition 2. The two surfaces x= X(U), Ue H, and r@—2z(u), wef, 
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H being a hemicactoid, will be said to be identical if there exists a continuous 
monotone transformation U=—U(v), ve R, of a Jordan region R into 7, 
with corresponding collection G, carrying G, topologically into B, and such 
that the surface z= £€(v) = X[U(v)], ve R, is identical with the surface 
t—=axz(u), wef. By the above theorem, all the surfaces €(v) thus 
obtained are identical. 


Definition 3. The vector function ¥(U), Ue H, H a continuun, is 
non-degenerate on H if X(U) is not constant over any continuum of H 
containing two points. 


Definition 4. The representation e—X(U), Ue H, of a surface on 
the hemicactoid H, is non-degenerate if X(U) is non-degenerate on H. 


THEOREM 2. Any surface S, S: c—2z(u), wes, can be represented 
non-degenerately on some hemicactoid. lfx—X(U),Ue H,andz = X,(Ui), 
U,eH,, are two such representations of S, then there exists a 1—1 con- 
tinuous transformation U, =U,(U), of H into A, carrying B into B, such 
that X,[U,(U)] =X(U). 


Proof. Let G be the upper semicontinuous collection of maximal con- 
tinua over each of which x(w) is constant. Now, by Theorem 3, § 2, we may 
carry G topologically into a hemicactoid H, by a monotone continuous trans- 
formation U U(u), which also carries into B, and if U,; = U;(u) is 
another such transformation, carrying G topologically into a hemicactoid H, 
and G, into B, then there exists a 1—41 continuous transformation 
U,=0,(U), of H into H, and B into B, such that 0,[U(u)] =U, (u). 
Hence if we define X(U) on H so that X[U(u)] —z(wu) as can obviously 
be done, we have only to show that X(U) is continuous and non-degenerate 
in order to prove the theorem. But this is immediate, for, let {Un}, Une H, 
converge to U, and let {gn} and g be the corresponding continua in 7, Then 
by Theorem 2, § 2, g is the limit continuum of {g,} and there exists a sequence 
of points {Pn}, Pn € gn, such that every convergent subsequence converges to a 
point p of g; this proves the continuity of X¥(U). The non-degeneracy is 
obvious. 


Definition 5. <A point P, of a hemicactoid H, is said to be separated 
from the point o in the plane II, of B by a set o if every connected set in H 
containing P and a point of (If — B)* also contains a point of o. 


TuEorEM 3. If c—X(U), Ue H, is a non-degenerate representation 
of S, and x=—=2(u), weh, is any other representation of S (H and h hemi- 
cactoids) there exists a continuous monotone transformation U = U(u), with 
corresponding collection of continua G™, which carries h into H, is such that 


48 CHARLES B. MORREY, JR. 


X[U(u)] and carries the collection topologically into B, 
consisting of the continua of G, no point of any of which is separated from 
the point « in the plane of b by a continuum of G®, If c=2(u) is also 
non-degenerate, any such transformation is 1—1. The collection Ga may 
be taken to be the collection of maximal continua of h over each of which 


x(u) is constant. 
Proof. The last two statements are consequences of Theorem 2. 


Now take @® as the collection of maximal continua of h over each of 
which z(uw) is constant and let w= u(v) be a continuous monotone trans- 
formation with corresponding collection I, which carries * into h and T, 
topologically into b. Now it is easy to verify the fact that G@® is carried 
topologically into the collection G, of maximal continua over each of which 
&(v) =z[u(v)] is constant. Now it is clear that u—u(v) sets up a topo- 
logical correspondence between the points of (II—B)* and those continua 
of I which have points in common with r*, that each continuum of G corre- 
sponds to a continuum of elements of I, that w= u(v) carries a connected 
point set of # into one on h, and that, to a connected set of points of h 
corresponds one such in 7. Hence it follows easily that u = u(v) establishes 
a topological relation between the continua of G.™ and Go. Now, let 
U,=U,(v) be a continuous monotone transformation with corresponding 
collection G, which carries * into H, and G, topologically into B,, and let 
X,(U,) be determined (see Theorem 2) so X,[U;(v)] —£(v). Then, by 
Definition 2, S is given by r—€(v), c—X,(U,), Uie Ay, and by 
hypothesis also by x = X¥(U), Ue H. Hence there exists a 1 — 1 continuous 
transformation U—U(U,), of H, into H and B, into B such that 
X[U(U;)] =X,(U,;). By these successive transformations we have set up 
a topological relation U = U(u), of the continua of G@™ into the points of A 
which is easily seen to possess the required properties. 


Definition 6. The transformations U = U(u), obtained this way will be 
said to be induced by the change of representation. 


5. On non-degenerate surfaces. In this section, we consider a very im- 
portant class of surfaces, which from some points of view are the most general 
surfaces to which one would like to apply the name of “ surface.” <A char- 
acterization of such surfaces in terms of their given representation is developed 
and an interesting subclass of such surfaces is pointed out. 


Definition 1. A surface is said to be non-degenerate if it possesses a 
non-degenerate representation on a Jordan region. 
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THEOREM 1. Jf x(u) is non-degenerate on a Jordan region 7, and 
u=u(U) is a 1—1 continuous transformation of a Jordan region R into * 
and we define X(U) =a2[u(U)], then X(U) is non-degenerate on R. 

Remark. In the case of a non-degenerate surface, it is clear that any 
hemicactoid on which the surface may be represented non-degenerately con- 
sists only of its base set and this of a single rhombus. 


THEOREM 2. If (i) S,8: c—X(U), and Sn, Sn: a=X,(U), Ue R, 
are all non-degenerate surfaces, (ii) lim || 8S, Sn || =0, and (iii) r= 2(u), 
n->0O 


ue, isa non-degenerate representation of S, we can find a sequence of non- 
degenerate representations x = ,(u), of Sy so that the an(u) approach 
uniformly. 

Proof. Each S, possesses a non-degenerate representation «= ,(U), 
Ue R, on some Jordan region R. From the definition of Fréchet distance, 
it follows that, for each n, we can find a 1—1 continuous transformation 


U =U,(u), of # into R such that 
| —an(u)| <2] 8,8n = 
From this and Theorem 1, it is clear that t= 2,(u) is the desired sequence. 


THEOREM 3. A necessary and sufficient condition that the surface 
S,S:v=—2z(u), wef, be non-degenerate is that (i) no continuum over which 
x(u) 1s constant separates 7 and (ii) x(w) is not constant over r*. 


Proof. If 8 is non-degenerate, there exists a monotone continuous trans- 
formation U = U(u), of # into the square Q which carries the collection G, 
of maximal continua of 7 over each of which z(u) is constant topologically 
into the points of Q (using Theorem 3, $4). Now by Theorem 1, §3, 
no continuum of G separates 7 or contains all of r*. 

Now suppose these conditions are satisfied by the continua of G. Then 
we can make a monotone continuous transformation vu, = u,(u), of # into 7, 
which is 1 — 1 inside r and carries the intervals (may reduce to points) of r* 
over each of which x(u) is constant into points of r*,. The collection G, is 
carried topologically into a collection G,, no continuum of which has more 
than one point in common with r*,, since z,(u,) = (wu) is not constant over 
any interval of r*, and if a g, contained two points of r*, it would separate 7, 
and the corresponding g would separate 7. It is clear that = 2,(u), u.€ 7, 
is a representation of S. Let G’, be the upper semicontinuous collection con- 
sisting of G, plus all the points of I—7,. There exists + a continuous mono- 


¢ R. L. Moore, loc. cit. (not P.S.T.). 
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tone transformation U = U;(u,), which carries the continua of G’, topologically 
into the points of II. It is clear that r*, is carried into a Jordan curve, which 
we may take to be Q*, by this transformation. By Theorem 1, § 3, every point 
inside r, is carried inside or on Q* and every point of r*, we know is carried 
into Q*. Thus U = U,(u,) carries 7, into Q for if a point of Q were missed 
it would be necessary for points of r*, to be carried into the interior of Q. 
Thus U = U(u) = U,[u,(u)] carries 7 in a monotone way into Q, carrying 
the continua of @ topologically into the points of Q@. By arguments already 
used, we see that we can define X¥(U) on Q so as to be continuous and 
non-degenerate, and so that XY[U(u)]—<a(u). Since U—U(u) is the 
uniform limit of a sequence of 1— 1 continuous transformations of 7 into Q, 
it is easily seen that x = X(u), U € Q is a non-degenerate representation of 8S. 


Definition 2. We say that the surface 8S, 8 : =a2(u), wef, is bounded 
by a Jordan curve C, if x =2(p), per*, is a representation of C on 1%, i.e., 
if it is possible to find a continuous monotone transformation P = T'(p), of r* 
into another simple closed curve #*, such that there exists a continuous func- 
tion X(P), defined on R* such that (i) X[T(p)] —-2(p) and (ii) the equa- 
tion «= X(P) gives a 1 —1 continuous representation of C’ on R*. 


Remark. It is easy to see that in this case, the base set of a hemicactoid 
on which § is represented non-degenerately, consists of a single rhombus. 


Definition 3. A function f(x,y), defined on a region 7, is said to be 
monotone in the sense of Lebesgue if, for every subregion d, of 7, the oscilla- 
tion of f(z, y) on d is equal to its oscillation on d*, 


Definition 4. The surface 8, S : r—-2(u), wef, is said to be Lebesgue 
monotone if each of the component functions, z‘(w), is monotone in the 
sense of Lebesgue. It is easily seen that this property of a surface is invariant 
under changes of representation on Jordan regions. 


THEOREM 4, Any hemicactoid on which a Lebesgue monotone surface 
may be represented non-degenerately consists only of its base set. 


Proof. This is immediate, for no continuum over which z(u) is constant 
can separate the plane so that the collection G of maximal continua of 7 over 
each of which z(w) is constant is equal to its subcollection G. 


THEOREM 5. A monotone surface bounded by a Jordan curve C, 1s 
non-degenerate. 


Proof. This follows immediately from Theorem 4 and the remark after 
Definition 2. 
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CONCERNING SPHERICAL SPACES.} 


By Leonarp M. BLUMENTHAL.} 


1. Introduction. The n-dimensional spherical space Sn,r consists of the 
points of the surface of an (m-+1)-dimensional sphere of radius r in a 
euclidean space of n-+ 1 dimensions, with the distance between two points 
defined as geodesic (great circle) distance. A recent paper characterized those 
semi-metric spaces that are congruent (i.e., isometric) with a subset of the 
Snr-§ If pi, po, °°, Pm are n points of a semi-metric space and we form the 
symmetric determinant A( 1, Pn) =| cos pipj/r |, (i,j = 1, 
Theorems J,, JJ,, [JIn of the paper referred to may be combined to give the 
following theorem. 


THEOREM.§] A semi-metric space is congruent with a subset of Snr if 
and only if, no pair of points of the space has a distance exceeding rr and, 

(i) for every integer k=n-+1 and every k points of the space, the 
determinant A( 1, P2o,* * *, Pe) 18 positive or zero, 

(ii) the determinant A formed for every n+ 2 points of the space 
vanishes, 

(iii) the determinant of every n + 8 points vanishes. 

This theorem gives, essentially, the conditions that n-+ 3 points of a 
semi-metric space be isometric with n + 3 points of the S,,,, and no assump- 
tions of a qualitative nature are made concerning the semi-metric space con- 
taining the n + 3 points. 

The object of this paper is to show that if certain simple qualitative con- 
ditions are placed upon the semi-metric space, the chain of determinant 
conditions contained in hypothesis (i) of the theorem are implied by condi- 
tions involving only sets of four points of the space, while hypothesis (iii) 
is superfluous, being a consequence of hypothesis (ii). A semi-metric space 
satisfying our postulates is shown to be congruent with Sn,, or with the spheri- 
cal Hilbert space of radius r according as the dimension of the space is finite 
or infinite. 

It is to be remarked that the method used in proving the fundamental 


+ Presented to the American Mathematical Society, March 30, 1934. 

t National Research Fellow. 

§ Blumenthal and Garrett, “ Characterization of spherical and pseudo-spherical sets 
of points,” American Journal of Mathematics, vol. 55 (1933), pp. 619-640. 

{ This result has also been obtained by L. Klanfer, of Vienna, a brief account of 
whose work appears in the Ergebnisse Eines Mathematischen Kolloquiums, Wien, Heft 
4 (1933), p. 43. 
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Theorem 3.3 makes no use of the determinant conditions that express the 
necessary and sufficient conditions that'n + 1 points of a semi-metric space 
be congruent with n+ 1 points of S,,,. Hence the procedure is applicable 
to those spaces for which analogous determinant conditions are unknown. 
The corresponding theorem is valid for a wide class of n-dimensional spaces 
admitting a rotation about an (n — 2)-dimensional subset.t 


2. A set of undefined elements, for suggestiveness called points, and a 
positive number r form an S; space provided that to each pair p,, peo of ele- 
ments there corresponds a real number p,j2, called their distance, satisfying 
the following postulates: 


Postulate A. pip2=0, if and only if p, = po. 

Postulate B. Every three elements p,, 2, p; of the space satisfy the 
‘triangle inequality; i.e., pipe + pips = pops. 

Postulate C. For every three elements p,, po, ps of the space, the sum 
of the three distances they determine does not exceed 2 rr. 

Postulate D. If pi, pe, ps, ps are four elements of the space such that 
some triple contained in the four points is isometric with three points of a 
circle S,,,, of radius 7, then the four points are isometric with four points of 
a two-dimensional spherical surface S.,, of radius r.f{ 


From Postulates A, B it follows that pips=0, and pipe = pop, while 
it is evident from Postulates B, C that the distance of each two points of the 
space does not exceed wr. If the distance of two points of the space equals zr, 
the points are said to be diametral. 

A set of points which is congruent § or isometric with a subset of Sy,r 
is called r-spheric (S,). It is clear that every three points of S, is isometric 
with three points of S2,-. 


LemMMA 2.1. Let p,q be any two non-diametral points of S,. There is 
at most one point x of S; such that px + cq = pq and pr =c- pq, c, a con- 
stant,0O << c<l. 


7+ I wish to express my thanks to Dr. Kurt Gédel for numerous suggestions given 
me during the preparation of this paper. 

¢This postulate may be stated arithmetically in terms of the vanishing of the 
determinant A of the four points provided any one of its third-order principal minors 
vanish. 

The space 8, may also be defined as a semi-metric space such that (i) no distance 
exceeds mr, (ii) the determinant A formed for each triple of points is non-negative, and 
(iii) each set of four points of the space satisfies Postulate D. This definition of 8, 
does not involve explicitly the triangle inequality. 

§ Two semi-metric sets M, M’ are congruent or isometric if they may be mapped 
isometrically upon each other. We write M = M’. 
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Proof. Suppose x, «* are two points of S, which satisfy the conditions 
of the lemma, and consider the four points p, z,.2*, g. The triple p, z, q is 
clearly isometric with three points of ‘S,,, and hence, by Postulate D there 
are four points p’, x*’, of Sz, isometric with the points p, 2*,q. But, 
by hypothesis z and z* are each between ¢ p and q; hence 2’ and z* are each 
between p’ and q’ and the points p’, 2’, 7*’, q’ lie on S,,r, since p’q’ = pq < ar. 
Evidently 2’ = x*’; then 2 = 2* and the lemma is proved. 

A semi-metric space is called convex provided that for each two distinct 
points of the space, the space contains at least one point between them. Now 
Menger has shown that if p, g are any two distinct points of a convex, complete, 
metric space 2, then R contains at least one point x that satisfies the condi- 
tions of Lemma 2.1. Since S, is a metric space we have, combining Lemma 
2.1 and the theorem cited above, the following theorem: 


THEOREM 2.1. Jf p,q are any two distinct non-diametral points of S, 
and if 8S, is convex and complete, then there is exactly one point x of S, such 
that px + xq = pq and px pq, c, a constant,O<¢c< 1. 


Letting c take on all values between zero and one, we call the set of points 
p+q+ {x}, the are pg. Then evidently two distinct non-diametral points 
of the convex, complete space S, determine exactly one arc joining them, and 
this arc is congruent with an arc of length pq of the circle S,,,._ The are con- 
sists of the two points together with all the points of 8, between them. If 
two points of S, are diametral, every point of S, distinct from them lies 
between them and hence, in general, two such points do not determine an are. 

We suppose, further, that to each point p of S, there corresponds a point 
p of S, diametral to p; that is, pp ar. A space S, having this property is 
said to be diameterized. It is clear from Postulate C that 8, can contain at 
most one point 7 diametral to p. Consider now two non-diametral points 
p,q of S; and let p, 7 be the corresponding diametral points of p, q respectively. 
Then the pairs of points p,q; 7,9; 4, p are non-diametral and hence they de- 
termine three arcs. The set of points C; = arc pg + arc pq + are pg + arc pg 
is called a great circle of S,. A great circle of S; is evidently determined 
by two non-diametral points of S,. 

We may now prove the following theorem : 


THEOREM 2.2. A great circle Cy of S, 1s congruent to the S,,r. 


Proof. Let p, q be two non-diametral points that determine the great 
circle C,, Since pg we have p, q, G~p’, 4’, p’, where the 


tA point r lies between two points p, provided p pr+rq=pq. The 
triple is said to be linear in the order prq. 


i 
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“primed ” points are points of S,,,. We have arc pg = arc p’q’, arc pq ~ arc pq’, 
arc pg ~ arc py, arcpg~arcp’/. If now, x is any point of C, then 
x is a point of one of the four arcs forming C,. Let 2’ of 81,+ be the point 
corresponding to x by virtue of the proper one of the above congruences. This 
gives a mapping of C, upon S;,,. To show this mapping is a congruent one 
let 2’ ~ x, y’ ~y. We wish to show that ry = 2’y’. 

We observe, first, that if 2 and y are both points of one of the four arcs, 
then ry = z’y’ by one of the above congruences of arcs. Suppose that gz, y 
are not both points of the same arc and, to fix the ideas, let 7 be an interior 
point +t of the arc pq and y an interior point of arc pq. We have 
qy + QP, PY + = PP = py + yp. Adding these equalities, we 
obtain pg + qy=—py. Since p,z,q =p’, of by Postulate D the 
four points p, q, x, y are congruent to four points p”, q”, 7”, y” of Se, and 
since p, q, y are linear, the four points are on S;,r. We may make a congruent 
transformation of into itself so that p” > p’, > and > 2’. This 
transformation sends y” into a uniquely determined point y*, and we have 

we obtain pq’ + q’y =p’y. From the above congruence and the preceding, 
+ = p’y*, while q’y’ = qy = Hence = p’y* and y* =y/. 
Then 

A space which is such that every quadruple of its points is congruent with 
some four points of the three-dimensional spherical space 83, is said to have 
the spherical four-point property. 


THEOREM 2.3. If the space S; is convex, complete and diameterized, the 
space has the spherical four-point property. 


Proof. Let pi, po, ps, ps be four points of S,. If the points contain a 
triple congruent with three points of S,,,, then, by Postulate D, the four points 
are congruent with four points of S,,-, and hence, in this case, the theorem is 
proved. 

We suppose, now, that no triple contained in the four points is congruent 
with a triple of S;,,. By Postulates A, B, C, pi, ps, ps ~ p's, p's, p's Of So,r, and 
Po» Ps» Ps po, p's Of Sor. Since p’sp’s = = p'sp"4, we may 
transform S.,, congruently into itself so that p”3—> p’s, p/"s—> p’s. The point 
po is transformed into one of two points p.!, p2!/ which are images of each 
other in the great circle of S,, determined by p’;, p’s. Denote this circle by 
Sir(p’s, p’s). We have po, ps, ps p's, p's p’s, p's. Now p’: is 
not on S,,-(p’s, p’s), 80 we may assume the labelling so that p’:, po! are both 


+ If w, y are not interior points of their respective ares, the procedure is simplified. 


7} 
if 


, CONCERNING SPHERICAL SPACES. 55 


on one of the two hemi-spheres determined by S,,r(p’s, p’s).. Then 
< 

Let x’ denote the intersection of the are p’,p2!/ with S1,r(p’s, p’s)t. The 
great circle C,(p;, ps) of S, determined by pz, ps is congruent to S;,r(p’s, p’s). 
In this congruence, let 2 of S; correspond to 2. By Postulate D, 
Pi» P39 Pas © ~ Das Ds; of So,r. Since Ps, Ds ~ Pa, Ps ~ Ps P's, D's 
of S2,r, not S,,, a congruent transformation of S2, into itself gives 
Ps» Psy p's, p's, ps, with uniquely determined. But 
~ Psy Ps, p's, p's, and p’s,p’,4 are not diametral. Hence 
and we have fy, Ps, pa, ~ p's, p's, P's, In asimilar manner, we obtain 
P2» Pos Pat ~ Ps, Pa, Now pip2S pit + pe’ + a’ = 

Let the are p’; p2!, extended, meet S,,-(p’s, p’s) in a point y’. Let y of 
S, correspond to 7’ in the cc>gruence C,(ps, S1,r(p’s, p's). As above, 
we obtain 71, ps, Ps, ¥ P's, p's, p's, ANA Po, Ps, Ps, p's, p's, 
Now | pry—poy| =| — poly’ |= Hence pips 

Rotate the S;, containing the S.,- half a revolution about S;,,(p’s, p’s) 
as axis. The point p.! is carried by this rotation into the point p,//. Let 
p’, denote any point of its path. Then the function p’;pz is a continuous func- 
tion which takes on the values p’,p.! and p’,p2!/, and consequently all values 
between these two. But p,p2 has been shown to lie between p’;po! and pipe". 
Hence, the contains a point, say p’2, such that p’:p’2 = pipe, and has 
the same distances from p’s, as ps! or Hence pi, po, Pas Ps P's 
of S;,r, and the theorem is proved.f 

THEOREM 2.4. Let C,',C,? be two distinct great circles of Sr having a 
point pin common. Then the set of points C,* + C,? can be tsometrically 
imbedded in Sz +. 

Proof. Let p:, ps be points of C,', C,* respectively, distinct from p and 
not diametral to p. By Postulates B, C we have p, 1, pop’, p's, p’2 of 
S,, Let S',,, S*,,, denote the great circles of S., determined by the pairs 
p's; p's, vespectively. By the preceding theorem, ~ S',,,, 
C,? = 8*,,. These two congruences give a mapping of the set C,' + C,? upon 
the set S', , + S*,,,. We must show this mapping is a congruent one. 

Let x, y be any two points of C," + C,? and suppose them mapped into 
xz’, y respectively, by means of the above mapping. We show that zy = v’7/. 


+ If p’,, p,// are diametral, any point on S, , (p’,, p’,) may be taken as the point a’. 

tIn the proof given above of Theorem 2.3 the assumption that the space 8, is 
diameterized is needed to insure the existence in 8. of the great circle C,.(P3 P,)> and 
hence of the points x, y corresponding to a’, y’, respectively, of 8, (P's p’,). A slightly 
different procedure, however, found by the writer while this paper was in press, estab- 
lishes the theorem without this assumption. This applies also to Theorem 3.3 of the 
following section. 
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If x, y are both points of one of the two circles in S,, then zy = 2’y’ by 
virtue of one of the above congruences. Suppose that x is a point of C,* and 
y a point of C,*.. By Postulate D we have p, z, pi, po= 2”, ps, of 
Sor, Now p’, 1, p'2 PD, Pry P2 P's, and hence we may transform 
congruently into itself so that p’, p's, p’2, Since p, 
P1, P2 are evidently not on a great circle of S,, the points p’, p’1, p’2 are not 
on a great circle of S,, and consequently the above congruent transformation 
sends x into a uniquely determined point We have p, &, pi, po = p’, p's, p's 
in Now, p’, 2, p, 2, pi p’, p’, on Hence = 2’, ‘and 

Consider, now, the quadruple p, ps, x, y. We obtain by the usual pro- 
cedure, p, Po, 2, y p’, x, y* on S2,,. As above, p’, p's, ps Pos y* 
on S?,,. Hence y* and p, po, 2,y = p’, Then 

Using the result of Theorem 2.3 it is readily shown that if three great 
circles of S; have a point in common, their sum may be imbedded congruently 
in 


THEOREM 2.5. Let pi, peo, ps be three points of the convex, complete 
space S, which are not on a great circle of S,. If we denote the three arcs 
they determine by As, Azz, Ais, then the set Aiz + Avs + Ais can be isometri- 
cally imbedded in S2,r. 

The proof of this theorem is immediate. We remark that if the great 
circles C,7*, C,**, C,'* exist in S;, their sum may be imbedded in 82. Since 
in Theorem 2. 5 we are not assuming that 5, is diameterized, these great circles 
may not exist. 

3. We define n-dimensional sub-spaces Qn, of S,, assumed convex, com- 
plete, and diameterized, by recursion. Call a single point a zero-dimensional 


sub-space of S, and consider n + 1 points po, Pn Of which are 
congruent to n+ 1 points of Sn, not of Snr (If .m—1, we assume that 
the two points are not diametral). If the points p,, po,- - -, pn determine an 


(nm —1)-dimensional sub-space Qn-,,, of S,, the union of the great circles 
{Po, v}, as x ranges over Qn-1,r is defined as an n-dimensional sub-space Qn,r 
of S, with base points po, Thus, for is the great 
circle of S, determined by po, p: which has been shown to exist, is unique, and 
is congruent with the great circle S;,, of Sn, determined by p’o, p’: where 
Po Pi p's. It is obvious that no point of Qn_1,, is diametral with po. 

This definition assigns a special role to the point po. It will be shown, 
however, that the base points uniquely determine the n-dimensional sub-space 
which is, therefore, independent of the particular vertex “ isolated.” 
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THEOREM 3.1. Let po, pr, po be three points of the convex, complete 
diameterized space S,, congruent with p’o, p’1, p’2, three points of S2,r, not of 
S,,. Then these three points determine exactly one two-dimensional sub- 
space Qe,,r of Sy, with base points po, pi, Po, and this two dimensional sub- 
space is congruent with the two-dimensional spherical sub-space S2,r of Sn,r 
determined by the three points p’o, p's, p’2, Moreover, the congruence of Qz,r 
with So, containing the congruence Po, Pr, P2 ~ 1s unique. 


Proof. Let x be a point of Q,,. Then the great circle C+(pi, p2) of Sr 
contains a point o such that z is a point of the great circle C;(po, «) of Sy. 
By Theorem 2. 2, C;(po,0) ~ S1,r(p’o, 0").¢ Let x’ of S82, correspond to x by 
means of this congruence. This gives a mapping of 22, upon a sub-set of 
S2,r. 

If y is a point of 02, distinct from z, let y’ of S2,, correspond to y by the 
above mapping. If y is contained in C,(po, 7) then ry = <2’y’ by the con- 
gruence of great circles. If y is not a point of C,(po, a) then there exists a 
point r of C,(p:, pe) distinct from o and @ such that y belongs to C;(po, 7). 
Then po, o, 7 are three points of 8, which are not on a great circle of 8, and 
hence, by the remark following Theorem 2.5 the sum of the three great 
circles of S, they determine may be isometrically embedded in S2,. This 
yields zy = 2’y’ and the mapping is a congruent one. 

Denote by ’,,, the subset of Sz, into which 22, has been congruently 
transformed and let 2’ be any point of S2,,. Now po, pi, po = p'o, p's, p’2 of 
S., not S;,, and a’ is a point of a great circle of S92, that contains p’, and a 
point s’ of the great circle S,,-(p’1, p’2). Let s in S; correspond to s’ by vir- 
tue of the congruence C,(p,, S1,r(p’1, p’2). Let x of S, be selected on 
the great circle 8) so that po, s, = p’o, 8’, x’. Then z is a point of Q2,. 
Now since 02, ~ 2, there is a point z* of ’,, that corresponds to a of 
in this congruence. Evidently Then a’ is a point of and 
Sor. 

To show that there is but a single two-dimensional sub-space with the 
points Yo, 1, P2 as base points, denote by 92,, any other such space formed 
from these points. We have (1) Q2, = Se, and (2) Qer= Sor. Suppose 
x is any point of S,,, distinct from p’o, p’1, p’2 and let x of O27 of Mr be 
corresponding points by means of congruences (1), (2) respectively. Let 2’ 
be on the arc p’)s’, where s’ is a point of S,,-(p’1, p’2) and let s of Q2,,, § of 22, 
correspond to s’ in the appropriate congruences. Then 


Pr P25 P 25 S ~w Pw P25 8 


t We have C,.(p,,p,)-= S; P’,) and o’ by this congruence. 


| 
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where s,§ are on C,(p1, pz). Then and it follows immediately that 
for 
Po, 8, ¥, Po, 8, Po, 8, 


Finally, we observe that the congruence Q2,, ~ S2,, containing the con- 
gTUENCE Po, Pi, P2 ~ p'o, P's, P’2 is unique, for the contrary implies a congruent 
transformation of 8S, into itself leaving the points po, pi, p2 fixed and which 
is not an identical transformation. This, of course, is impossible. 

The analogous theorem concerning the n-dimensional sub-space is proved 
by complete induction. The procedure employed in the proof of Theorem 
3. 1 is easily generalized and the following theorem is obtained. 


THEOREM 3.2. Let px (t=0,1,°°-,) be n+1 points of the com- 
plete, complex, diameterized space S, which are congruent with n + 1 points 
pi (*=0,1,---,n) of Snr, not of Snir There is exactly one n-di- 
mensional sub-space Qn,r of Sy that has the points pi (1 =0,1,° + +) as base 
points and the congruence po, * * Pn ~ Po, * * 5 Pn induces a unique 
congruence Of with the 


The existence of the sub-space Qn, congruent with S,,, depends on the 
space S, containing n + 1 points that may be imbedded isometrically in the 
Snr. By Theorem 2. 3, every four points of S,, assumed convex, complete and 
diameterized, is congruent to four points of S;,; that is S; has the spherical 
four-point property. We show, by complete induction that this implies that 
such a space has the spherical n-point property for every integer n. 


THEOREM 3.3. The convex, complete, diameterized space S, has the 
spherical n-point property for every integer n. 


Proof. We suppose that 8, has the spherical k-point property for every 
k Sn, where n is a fixed integer greater than three. Let po, p1,° **, pn be 
any n+ 1 points of S,. By hypothesis, any k& of these points, k =n, are 
congruent with & points of S,1,,. Now either the given n+ 1 points are 
congruent with n + 1 points of Sn_,,, (in which case the theorem is proved) 
or n points of the set may be selected to form the base points of an (n —1)- 
dimensional subspace Qn-_;,r of S, which does not contain the remaining point. 

In this case we assume the labelling so that 


Pos Pn ~ po, Dn of 
not of and 
Pr Pe2> Pn ~ Pes Dn of Sn-1,r, 


since the spherical k-point property is assumed fork <n. We may transform 


Sn+,r congruently into itself so that p.— +, fn—> p’n. This transforms 
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into a point p,*, which has its distances from the n — 1 points p’2,° p’n 
determined. Since the points p’s, p’s,: p’n are not on Sy-s,r there are exactly 
two distinct positions for the point p,* on the Sn-s,r containing p,*, 
We denote the two positions of p,* by pi’, p2/; these two points are evidently 
images of each other in the S,-2, determined by p’2, p/n. We have 
Since p’, does not lie on the containing p’ny 
Assume the labelling so that p’o, p,/ are both on one of the two “ hemi-spheres ” 
The arct pop.” intersects Snor(p’2,° in a point 2. The 
(n — 2)-dimensional space Qn-2,, with base points po, Pn Of is 
congruent to Sn-2,r(p’2, In this congruence let of S, corre- 
spond to z’. This congruence is contained in both of the congruences 


(1) Qn-1,r (Po; Pos pn) = Sn-1r(p'o, pn) 
By congruence (1), pov = p’ox’ and by congruence (2), rp, =a’p,". Now, 
by the triangle inequality, pop:S por + api = = pop”. 
Again, the arc p’op,’ extended, intersects Sn-2,r(p’2,° °°, p’n) in a point 7’. 
We have, as above, poy = poy’, ~iy = p'y’ where y of S; corresponds to 7/ 
by the congruence Pn) Sn-2,r(p'2,° Then 
Popr = | Poy — pry | = | poy’ — prly’ | = pop’. 
Hence opr! pot = 
Suppose the S,,, containing the Sn_1,r(p’o, p’2,° +, p’n) is rotated 
180 degrees about the Sn-or(p’2,:**,p’n) as axis. This rotation keeps 
fixed the points p’2,- - +, p/n, while the point p,/ is carried over to the point 
pi’. Let p’, denote any point of its path. Keeping the label of point p’, 
fixed, the function p’)p’, is a continuous function which assumes the values 
pop! and p’op. and hence for any value between these two, such as por, 
there is a point, say p’,, of Sp,-, such that p’op’: = pop:. Hence 
Pos P25 Pn p's p25 pn of Sar 
and the theorem is proved.{ 


4. Let 0 be a point of Hilbert space. The set {2} of points of the 


If are diametral, any point of S, ,(p’,,- --.p’,) may be taken as the 
point 2’. 

tIf equals or the 1 points are evidently congruent with 
n+ 1 points of ,. 
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space whose distance from 0 is equal to a positive constant r is called the 
sphere with center 0 and radius r in Hilbert space, and is denoted by Hr. 

Let pi, pj be any two points of S, and denote by aj; the angle pip;/r 
radians. If 1, po,' * *, px are any k points of S,, we denote the axisymmetric 


determinant 
COS @12° COS 
COS G2, 1 COB Gox 
COS COS Go * 1 


If the space S; is such that there exists an integer k such that the determi- 


nant A, formed for every set of k points of S, vanishes, we say the space S, 
is indexed. If S, is indexed there is evidently a smallest integer for which S, 
has this property. Call this integer the index of S;. , 

We now prove the fundamental theorem characterizing metrically the 
n-dimensional spherical space S,,r. 

THEOREM 4.1. The convex, complete, diameterized and indexed space 
S, with index n +- 2 is congruent with Snr. 


Proof. Since S, has index n + 2 there exists at least one set of n+ 1 
points of S; for which Anj,, does not vanish, while An,. 0 for every set of 
n-+ 2 points of S,;. By Theorem 3. 3, every set of n + 1 points of S; is con- 
gruent with n+ 1 points of Sn,r. Hence, since An,» vanishes, every set of 
n + 2 points of S, is congruent with n + 2 points of Sn,r.t 

Consider, now, any set of n + 3 points of S,. Since each set of n + 2 
points contained in these n + 3 points may be imbedded isometrically in S,,,, 
the n + 3 points are either congruent with n + 3 points of Sn,, or they form 
a pseudo r-spheric (n + 3)-tuple. But each set of n+ 3 points of 8, is, by 
Theorem 3. 3, congruent with n + 3 points of Sny2,,; that is, Anjs = 0; while 
the determinant A,,; formed for a pseudo r-spheric (n + 3)-tuple is nega- 
tive.t Hence no set of n + 3 points of S; can be pseudo r-spheric and there- 
fore each (n + 3)-tuple is congruent with an (n + 3)-tuple of S,,,. Since 
S, has the congruence order n + 3, this implies that S, is congruent to a 
subset of 

Now S, contains a set of n+ 1 points for which A,,, does not vanish. 
These points are, therefore, not congruent with n+ 1 points of Sn4,. and 


+ See Theorem ui, of Blumenthal and Garrett, “ Characterization of spherical and 
pseudo-spherical sets of points,” American Journal of Mathematics, Vol. 55 (1933), 
p. 632. ; 

t Loc. cit., Theorems Ty IV. p. 632. 
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hence they determine a sub-space Qn, of S,; which is congruent to Sn,,. Hence 
S, =~ Sn,r and the theorem is proved. 

The metric characterization of the sphere H, in Hilbert space is given 
by the following theorem. 


THEOREM 4.2. If the convex, complete, diameterized, separable space S, 
is not indexed it is congruent to H,, the sphere in Hilbert space. 


Proof. By Theorem 3. 3, every k points of 8; is congruent with k points 
of S;-1,,; that is, A, = 0 for every integer k. Since S; is separable, we may 
conclude that S; is congruent to a subset of H,.+ 

Since S, is not indexed, for every integer k, S, contains at least one set 
of k points for which A, does not vanish and hence is positive. Then S;, is 
not isometric with S,,, for any value of n. 

It follows readily from the completeness of S, that 8S, ~ Hy. 

If each of the n + 8 sets of n + 2 points contained in n + 3 points of a 
semi-metric space is congruent with n-+ 2 points of Snr, while the n+ 3 
points are not congruent with n + 3 points of S,,,, the set is said to form a 
pseudo r-spheric (n + 3)-tuple. From the foregoing theorems it follows that 
a convex, complete, diameterized space S, cannot contain pseudo r-spheric 
sets. Thus, for example, the set of five points p,, po, °°, ps, with the dis- 
tance of each pair defined to be 7-cos'(— 1/3), has each of its quadruples 
isometric with four points of S.,,, while the five points are clearly not isometric 
with five points of S,,. As a consequence of our theorems these five points 
cannot be imbedded in a space S; which is convex, complete, and diameterized. 

It may be observed that the theorems obtained by W. A. Wilson in his 
investigation of metric spaces in which each four points are congruent with 
four points of a euclidean space, are limiting cases of the theorems presented 
in this paper, while Postulate D is weaker than the four-point condition 
assumed by Wilson. 


THE INSTITUTE FOR ADVANCED StTupy, 
PRINCETON, N. J. 


¢ Menger has shown (Ergebnisse Eines Mathematischen Kolloquiwms, Wien, Heft 1 
(1931), p. 26) that a necessary and sufficient condition for a separable semi-metric 
space R to be congruent with a subset of Hilbert space is that for every integer k and 
for every k points Di» + Of RK, signD(p,,p,,- Py) = sign (—1)* or 0, 
where D(P,,P,,+ +» is the well-known volume-determinant. We obtain the result 
above by replacing p,p, by 2r-sin p,p,/2r in Menger’s theorem. 

It may be pointed out that there is a typographical error in the statement of 
this theorem occurring in Menger, “Die Metrik des Hilbert’schen Raumes,” Wiener 
Akademischer Anzeiger, 1928, No. 12, p. 160. 

~W. A. Wilson, “A relation between metric and euclidean spaces,” American 
Journal of Mathematics, Vol. 54 (1932), pp. 505-517. 
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ON CERTAIN TYPES OF CONTINUOUS TRANSFORMATIONS 
OF METRIC SPACES.* 


By W. A. WILSON. 


1. The literature on topology produced during the last two decades has 
by its great volume tended to divert attention from the study of geometrical 
properties which are not invariant under continuous transformations. It may 
well be that with more restricted transformations the methods used in topo- 
logical problems can be applied with equal success to the study of non- 
topological properties of geometrical configurations. It is the purpose of this 
article to develop some of the characteristics of a certain class of continuous 
transformations and their application to geometry,—with the hope that they 
indicate the possibility of further progress in the direction mentioned above. 


2. Definition of spread at a point. Let X = {x} be a metric space and, 
as usual, let zz’ denote the distance between the points z and a’. If Y = {y} 
is another metric space which is the continuous image of X by a transforma- 
tion y = f(x), one-valued and defined over X, there are three possibilities at 
any limiting point a of X. First, there may be a constant m;(a) such that, 
if y and 7 correspond to distinct points x and 2’, respectively, lim(yy/r2’) 
= m;(a) as x and 2 approach a. (It is understood that either x or 2’ may 
coincide with a.) In this case we say that the transformation has a finite 
spread at a and denote the spread by m;(a). Second, it may happen that 
lim(yy’/rz’) = «©; in this case we say that the spread is infinite at a and 
write m;(a) =o. Finally, yy’/xx’ may approach no limit as x and 2 
approach a, and we then say that the spread is indeterminate at a. 

That the last case can arise effectively is seen in a homeomorphism 
between a straight line and a broken line. Examples of the first two are easily 
invented. We shall be chiefly concerned with transformations for which the 
spread is defined at each point and is constant. 


3. Elementary properties of the spread. From the definition it is ap- 
parent that the spread is somewhat analogous to the derivative. In fact, it is 
easy to show that, if 2 and y are real variables and y=—f(z) is continuous 
and differentiable, continuity of f’(x) at xa implies that m;(a) is finite, 
and conversely; moreover, m;(a) =| /f’(a)|. As in the case of derivatives, 
the following properties are deducible from the definition: 


* Presented to the Society, September, 1934. 
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I. Let y=f(x) and its inverse x=g(y) define a homeomorphism 
between the metric spaces X and Y. If b=f(a) and m;(a) exists, finite or 
infinite, so does mg(b). If ms(a) ~0 and is finite, mg(b) =1/m;(a) ; 
if =0, mg(b) = «©; and if ms(a) = ©, mg(b) = 0. 


II. Let X = {x} be a compact metric space and the continuous trans- 
formation y= f(x) have a finite spread at each limiting point of X. Then 
yy /xx’ is bounded in X. 


III. Let X = {x} be a compact metric space and the transformation 
y =f (x) have a finite spread m;(x) which is continuous in X. Then yy’ /xa’ 
converges to m;(x) uniformly in X. 


The proof of I is like that of the corresponding theorem on derivatives. 
If we assume that II fails, it follows from the compactness of X and the 
continuity of f(z) that there is some point a and points z and wg con- 
verging to a for which yy’/xa’ — o, in contradiction to the hypothesis that 
m;(a) is finite. If III fails, there is a sequence of points {a;} converging 
to a point a and points a7 and 2; such that ajz;—-0 and ajz’; 30, but 
| m;(ai) — yiy’i/xix’; | exceeds a preassigned positive «. This contradicts the 
hypothesis that m;(ai) m;(a). 


4, Applications to rectifiability. Let us suppose that y= f(a) defines a 
homeomorphism between the metric spaces X and Y. If the spread is finite 
at each point, it is evident by Property II of the previous section and the 
usual definition of length of arc, that rectifiable arcs in X go over into recti- 
fiable arcs in Y. If the spread is continuous and for some arc in X the limit 
of the ratio of the length of a sub-are az to the distance ax is any constant m, 
as x approaches a, this property is also preserved in the image by virtue of 
Property III. When the spread is a constant k ~ 0, the length of the image 
of an arc of length s is easily seen to be ks. (In this case, if intrinsic dis- 
tances * are used, the transformation is one of similitude.) If the spread is 
everywhere infinite, it follows from Properties I and III that the image of 
no rectifiable arc is rectifiable. If the spread is everywhere zero, XY can 
contain no rectifiable arc, since the image of such an are would be a point. 

On the other hand we can have a homeomorphic transformation with 
a constant zero spread of a metric space which contains no rectifiable arc, 
as shown by the following example. Let Y = {y} be the linear interval 
0Sy=1. Let X¥ = {x} be a metric space obtained from Y by the con- 


* Compare the writer’s paper, “On rectifiability in metric spaces,” Bulletin of the 
American Mathematical Society, vol. 38, pp. 419-426. 
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tinuous transformation z = g(y) such that, for any two points y, y’ and the 
corresponding points z, 2’, we have za’ = V yy. It is easily seen that this 
transformation is a homeomorphism and that XY is a simple arc. If y = f(z) 
is the inverse of g(y), we see that = a2’; hence ms(x) = 0 at 
every point of X and mg(y) = © at every point of Y. 

The arc X has some remarkable properties. Any n + 1 points do, @1,°**, Qn 
may be arranged so that, if bs =f(ai), bi < bin. Setting ri = bi1b;, we 
have aa; = = + 12, = ttre + °° ide = 
etc. Substituting these values in the (n + 1)-point determinant D, used by 
Menger * as a criterion of imbeddability in Euclidean space, we find by easy 
algebra that = + +1. Hence the are can be im- 
bedded + in Hilbert space, no 2+ 1 of its points can be imbedded in an 
(n —1)-dimensional Euclidean space, and in particular no three of its points 
lie in a straight line. The curve is extremely crinkly; not only is no part 
of it rectifiable, but, if a, b, and c are any three points in order, abc is a 


right angle. 


5. Unrestricted regular transformations. The foregoing example sug- 
gests the following definition. Let v —¢(w) be a one-valued real function 
defined for w= 0 and subject to these conditions: (a) ¢(u) >0 if u>0; 
(b) ¢(9) (c) is continuous; (d) if then 
$(%1) = (us). If y=f(x) is a continuous transformation of a 
metric space X into a metric space Y such that, if w is the distance between 
two points in X, the distance between the image points in Y is v—¢(u), 
where ¢(w) satisfies Conditions (a) to (d) above, we say that the transforma- 
tion is an unrestricted regular transformation and call (wu) the scale function 
of the transformation. 

Such a transformation is regular in the sense that the spread is constant 
(as will be seen soon) and congruent figures go over into congruent figures. 
It is unrestricted in the sense that it can be applied to any metric space. 
A transformation whose scale function satisfies the given conditions except 
for (d) would preserve congruences and might be applicable to a certain 
space X, but not applicable to a metric space containing XY. Simple examples 
of functions satisfying the given requirements are v = Vu, v = log(1+ wu), 
and v=sinwu for u=7/2 and v—1 for u>-7/2. The function v= vw? 
does not satisfy Condition (d) and so a transformation involving this relation 


*“Untersuchungen tiber allgemeine Metrik,” Mathematische Annalen, vol. 100, 
pp. 119, 120. 
7 I.e., is congruent with a sub-set of Hilbert space. 
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between distances would be impossible unless for every triple of points in the 
given space | (ab)? — (ac)*| S (bc)? S (ab)? + (ac)?. 

Any scale function v = ¢(u) of an unrestricted regular transformation 
has a variety of properties,* of which the following are important: 


I. It is monotone increasing. 
II. ¢’(0) exists, finite or infinite, and ¢’(0) > 0. 
III. For any value of u, lim sup (A¢/Au) S ¢’(0). 
Au-0 
IV. If the inverse, uw —y(v), is also a scale function of an unrestricted 


regular transformation, v/w is a constant. 


Property I is easily deduced from Conditions (a) to (d). To prove 

Property II let M be the upper bound of ¢(u)/w; then lim sup [¢(u) /u] SM. 
If M is finite, there is, for every « >0, some value a of u for which 
o(a)/ti > M—«/2. Now ¢(u)/u is continuous; hence-for some § > 0 and 
any w such that |w—a| <8, ¢(u)/u>M—e. If w <8, there is an 
integer n for which | nu’—a|< 8. Moreover, by repeated application of 
Condition (d), 


p(u’)/w = o(nu’)/nw’ > M—«. 
Hence liminf[¢(u)/u] = M. A similar argument applies if M=—o. 
Therefore ¢’(0) exists and equals M. Clearly M0, since ¢(u) >0 if 


u>0. Property III follows from Condition (d) in the above definition, 
and Property IV is a consequence of III and the fact that ¢’(0) -y/(0) =1. 


THEOREM. Let X = {x} be a dense metric space and y=f(x) be an 
unrestricted regular transformation whose scale function is v==¢(u). Then 
y =f (x) defines a homeomorphism and its spread is $’(0) at each point of X. 


Proof. The inverse transformation x = g(y) is one-valued, since ¢(w) > 0 
foru>0. If g(y) is not everywhere continuous, there is a point y, and a 
sequence {yi} converging to yo, such that, if t—g(y) and 2:—g/(yi), 
2X» exceeds some positive number &k for all values of 7. If we let uj; = xix», 
we have 45 = ¢(ui) = ¢(k) > 0. This is impossible, as yiyo and 
Yi—> Yo. Hence g(y) is both one-valued and continuous, and the transforma- 
tion is a homeomorphism. 

If a is any point of X, there are points x and 2 in any vicinity of a. 
If we set u = 22’, yy = v/u and, as x and 2’ approach a, u—>0. Hence 


my(a) —lim (v/u) = 


*Compare also F. Toranzos, “Uber die Funktionel-Ungleichung f(a) + f(y) 
f(w+y),” Rev. mat. hisp.-amer., vol. 2, pp. 109-113. 
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6. The theorem just proved shows that the discussion of § 4 is valid for 
the class of unrestricted regular transformations. Furthermore, if the inverse 
of such a transformation is also regular and unrestricted, Property IV of scale 
functions shows that the transformation is one of similitude. 

This is not, however, universally the case. The functions v= Vu and 
v =log(1-+ u), mentioned earlier, are instances in point. Such transforma- 
tions, when applied to ordinary spaces, produce interesting new spaces. For 
example, if ¢’(0) =k = o and the given space is complete and convex, the 
image is complete and each pair of points is joined by an arc of length k times 
the distance between the corresponding points in the given space, but the 
image is not convex unless the transformation is one of similitude. If we take 
as the space X a unit square in the plane and apply a transformation with 
the scale function v = Vu (here ¢’(0) = co), the image Y is a simple two- 
cell, the images of segments in X of equal length being congruent simple arcs 
of the type described in §4. It would be interesting to know whether this 
and similar configurations can be imbedded in Hilbert space. 


%. Angles and conformality. Let A, B, and C be points in a metric 
space, a= BC, b = AC, and c= AB. Let us call the symbol BAC an angle 
with vertex A and define its value by the formula cos BAC —(b? + c? — a?) /2bc, 
taking the value between 0 and z. This definition is possible by virtue of the 
metric triangle inequality. If p and o are two rays * with the common initial 
point A, and B and C are other points on p and oa, respectively, we say that 
p and o make an angle (p,a) if lim BAC exists when B and C approach A. 
A homeomorphic transformation in which angles between rays are preserved 
will be called conformal. 

In general metric spaces angles defined in this manner obviously lack 
many important properties usually associated with angles and a further in- 
vestigation of the types of spaces admitting these properties and of conditions 
for the existence of angles between rays is needed. We can, however, obtain 
one interesting result without restricting our space. 


THEOREM. Let X and Y be homeomorphic metric spaces and the trans- 
formation of X into Y be an unrestricted regular transformation whose scale 
function $(u) has a derivative continuous at u=0. Then the transformation 
is conformal. 

Proof. Let A be a fixed point, and B and C be variable points in X. 


Let a= BC, b= AC, and c=AB. Let the corresponding points and dis- 
tances in Y be denoted by primed letters. To prove our theorem we must 


*T.e., topological images of half-lines. 
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show that, if lim cos BAC exists as B and C approach A, then lim cos B’A’C’ 
exists and is the same. 

For any sequence of positions of B and C converging to A at least one of 
the following three cases for some sub-sequence will occur: (1) a/b—> © or 
a/c—> oo; (II) a/b->0 or 0; (IIL) a/b, a/c, b/a, and c/a are bounded. 


Case I. Let a/b— By algebra 
1— cos B’A’C’ = (1/2) [1 + - [1+ —c’)/b’]. 


By the mean value theorem we have a’ — b’ = (a— b) - ¢’(w’) and 
<b and0<u”<c. We can then write 
(a’ — b’)/c’ =[(a—b)/c] 

As a, 6, and c approach zero, lim [¢’(u’)/¢’(u”)] =1. Since a/b-> o, 
it follows by the metric triangle inequality that lim [(a—b)/c] —1. Hence 
we know that lim [1 + (a’ — b’)/c’] = lim [1 + (a—}b)/c] —2. In conse- 
quence of the existence of lim (1— cos BAC) and of lim [1+ (a—b)/c], 
it follows that lim [(a—c)/b] exists. By an argument like that above, we 
then have lim (a’—c’)/b’] =lim [1+ (a—c)/b]. Consequently, 
lim (1 — cos B’A’C’) =lim (1— cos BAC). If a/c—>@, we proceed in 
exactly the same manner. 

Case II. Let a/b-—>0 or a/c—>0. The procedure is similar to that in 
Case I, with the exception that lim [(a— b)/c] —=—1, or lim [(a—c)/b] 


= — 1, 


Case III. If a/c, a/b, b/a, and c/a are bounded, it is shown by the 
metric triangle inequality that b/c and c/b are also bounded. By simple 
algebra we find that 
2(cos B’A’C’ — cos BAC) 

= (b/c) [b’c/bce’ —1] + (c/b) [bc’/b’c —1] + (a?/bc) [1 — bea?/b’c'a?]. 
Since ¢’(0) is finite and not zero, each bracket converges to zero. On the 
other hand, the coefficients are all bounded. Hence the above equation gives 
lim cos B’A’C’ = lim cos BAC. 

Thus we have shown that every sequence of points B’ and C’ which are 
images of points B and C converging to A contains a sub-sequence for which 
lim cos B’A’C’ = lim cos BAC. But it then follows from the theory of limits 
that the same equation is true for all sequences. Hence the theorem is proved. 


8. Smoothness of arcs. Let A, B, and C be points of an oriented simple 
arc, with B and C on the right of A and the letters so assigned that ABS AC. 
If lim [(AB + BC — AC)/AB] =0 as B and C approach A, we say that the 
arc is smooth on the right at A. Similarly we define smoothness on the left. 
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If the arc is smooth on both sides of A and also for points B and C approaching 
A from opposite sides, with ABS AC, lim [(AB+ AC— BC)/AB] =0, 
we say that the arc is smooth about A. In another paper by the writer * 
it is shown that for ares in a Euclidean space these intrinsic conditions are 
necessary and sufficient for the existence of unilateral tangents and of tangents, 

If the points are in the order A, B, C and both lim [ (AB -+ BC — AC) /AB] 
= and lim [(AB + BC — AC)/BC] == 0, we say that the arc is strongly 
smooth on the right at A. If the order is C, B, A, we have strong smoothness 
in the left. By application of the metric triangle inequality we can show 
that these conditions imply the condition for unilateral smoothness above. 
If an arc is strongly smooth on both sides of A and also smooth about A, 
we call it strongly smooth about A. It is readily seen from the plane cosine 
law that the conditions for unilateral strong smoothness are: equivalent to 
requiring that angle BAC —0 and angle ABC 7 as B and C approach A. 
If the arc lies in a Euclidean plane and has a tangent at each point B of a 
sub-arc AC, it then follows that strong smoothness on the right is equivalent 
to the requirement that the tangent turns in such a manner as to approach 
the right-hand tangent at A as B approaches A. Thus strong smoothness is 
a generalization for abstract spaces of the idea of a continuously turning 
tangent. 


THEOREM. Let X and Y be homeomorphic metric spaces and the trans- 
formation of X into Y be unrestricted and regular and tts scale function $(u) 
have a derivative continuous at u=0. If a simple arc in X has smoothness 
of any kind at a point A, its image in Y has the same kind of smoothness 


at the corresponding point A’. 


Proof. Let us take the case that the given arc is smooth on the right 
at A; the other cases are proved in exactly the same way. Let B and C be 
points of the are at the right of A, a= BC, b= AC, c=AB, and 
Let the corresponding points and distances in Y be denoted by primed letters. 

By definition lim [(¢ + a—b)/c] =0 as B and C approach A, whence 
lim [(a—b)/c] =—1. By the mean value theorem a’ — b’ = (a— b) - ¢’(w’) 
and c’ where a< wu <b and 0 <u” <c. This gives 
(a’ — b’)/c’ = [(a—b)/c]- By the continuity of ¢’(u), 
lim [¢’(u’) /¢’(u’”)]=1. Hence lim [ (a’ — b’) /c’] =lim[(a—b)/c] =—1, 
and lim [ (c’ + a’ — b’)/c’] =0, which was to be proved. 


YALE UNIVERSITY, 
HAVEN, Conn. 


*“On angles in certain metric spaces,” Bulletin of the American Mathematical 
Society, vol. 38, pp. 580-588. 


DISCONTINUOUS SOLUTIONS IN THE NON-PARAMETRIC 
PROBLEM OF MAYER IN THE CALCULUS OF 
VARIATIONS.* 


By T. 


1. Introduction. By a discontinuous solution in a calculus of variations 
problem is meant an extremizing arc having one or more corners; that is, the 
derivatives of the functions defining the arc have one or more points of dis- 
continuity. The treatment of discontinuous solutions has been largely limited 
to problems phrased in parametric form [see IV and V; the reader is referred 
tc V for references to earlier literature on the subject].+ In fact, Graves 
[V, p. 834] has stated that “it seems to be necessary to cast the problem in 
parametric form to get an effective extension of the Jacobi condition by means 
of the second variation.” 

The present paper treats discontinuous solutions for the general problem 
of Mayer in non-parametric form, and in terms of the characteristic numbers 
of a boundary value problem associated with the second variation there is given 
an effective extension of the Jacobi condition. Sufficient conditions are then 
established by the method used in the case of extremal arcs by Bliss and 
Hestenes and by Hestenes [VIII and IX]. The reader is also referred to 
the bibliographies at the end of these papers for references to earlier literature 
on the problem of Mayer. For the accessory boundary value problem in terms 
of which the analogue of the Jacobi condition is phrased the boundary con- 
ditions apply at more than two points, but it is significant that this problem 
may be transformed into one for which the boundary conditions apply at just 
two points, and of the type recently considered by the author [ VIT; also X, § 6]. 
In view of a recent paper by the author [X], it follows that an analogue of 
the Jacobi condition may equally well be phrased in a manner which is a direct 
generalization of that given by Bliss for the problem of Bolza, and also used 
by Hestenes for the general problem of Mayer [IX, p. 483]. 

In §§ 2 and 4 there are given conditions satisfied by a minimizing arc 
for the problem here considered, while § 3 considers the construction of 
families of extremaloids. The second variation, an analogue of Jacobi’s 
condition in terms of an associated boundary value problem, together with 
the definition and determination of conjugate points, are discussed in §§ 5-8. 
In §9 there is proved an auxiliary theorem which is fundamental in the 


* Presented to the American Mathematical Society, June 23, 1933. 
+ Roman numerals in brackets refer to the bibliography at the end of this paper. 
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construction of a field of extremaloids as defined in § 10, and as used in § 11 
to establish sufficient conditions for a strong relative minimum. 


2. The first necessary condition for a minimum, and preliminary 
remarks. The general problem of Mayer as formulated by Bliss [I] is that 
of finding in a class of arcs 


(2. 1) Yi = Yi(Z) 


satisfying a system of differential equations and end-conditions 


(2. 2) y |] =0 (a==1,-°-,m<n) 
(2. 3) y(%2)] =O 
one which minimizes a function of the form 

(2. 4) 41; 2, J. 


As is customary, we concentrate attention on a particular arc £,. with 
equations (2.1) and inquire what properties it must have if it is to be a 
minimizing arc. It will be assumed that the functions g, Wy,¢q and the 
functions y;(z) defining H,, satisfy the hypotheses used by Bliss and Hestenes 


[ VIII, p. 306]. The reader is also referred to their paper for the definition 
of admissible set and admissible arc. 

Suppose that #,. has r corners for values x—t, (@=1,---,7r), and 
22. To make the notation simpler, let and 
At times we shall be interested in the component arcs of between 
corners. We therefore introduce functions 


defined by 


(2. 5) yit (x) = (2) (ty-1 ty y=1,° 1), 


and denote the sub-ares of H,. thus obtained by H#%,.. A one-parameter 
family of admissible arcs 


yi = b) <2< 


which contains F,. for b =b, and whose end-values satisfy the equations 
(2.3) may be thought of as a one-parameter family of arcs 


(2.6) yi=yit(a,b)  (tya(b) ty(b); y= +1) 


which contains the set yi” belonging to £7,. for b = bo, which satisfies with 
the set y/;7(«, b) the equations (2. 2) on t,.1(b) S xz St,(b), and is such that 


(2.7) 2) vuler(d), b), (42(b), = 0 


PROBLEM OF MAYER IN THE CALCULUS OF VARIATIONS. 


The equations of variation of the differential equations (2.2) are 
(2. 8) 9, = day's + = 0 (a—1,---+,m), 


where the coefficients day, day, have as arguments the functions (2.1) 
defining 
If we set 


és Lsp(bo), tgv( bo), yin (2, bo), (s 1, 2; 6= 1, 
then the equations of variation corresponding to (2.7) are 


a) Wale, = + Er + + iz) 
(2.9) + + Yunsni = 0, 

b) 7,9] = {y'i(tor) — ( tot) } + (to) — ni (tot) = 0." 
The corresponding variation of g[21, y(@),%2, y(%2) | will be denoted by 

A set of constants é., rg and functions 4i(x) will be called a set of quasi- 
admissible variations if on each interval ty. <a < t, the functions (72) 
coincide with functions 7;7(2) which are continuous, consist of a finite number 
of pieces with continuous derivatives, and satisfy equations (2.8) on 
ty,» SaSty,(y=—1,:°:-+,r+1). A set of quasi-admissible variations will 
be called a set of generalized admissible variations if equations (2.9b) are 
satisfied. It follows readily that a set of generalized admissible variations is 
a set of admissible variations as defined by Bliss, if and only if 74—0 
- 

If 790, nico (0 = 1,---,P+1—p+rn+1) are P+1 sets of 
quasi-admissible variations, it follows by a method similar to that used by 
Bliss [III, p. 691] that there exists a family 


yi = yi (2, b,,° 
by-1 (bi, ° bps) = t,(6,,° bps) (y=1,: 


satisfying equations (2.2), containing H,, for bs =0, and having the sets 


(2. 10)’ 


Eso, 90, nia as its variations along H,. with respect to the parameters be. 
When the equations (2.10) are substituted in the functions g, Wy, xi, these 
become functions of b,,- --,bp.,. The following necessary condition may 
then be proved in the manner used by Bliss to establish the first necessary 
condition for the problems of Mayer [I, p. 311] and Lagrange [III, p. 683]. 


I. THe First Necessary Conpition. For every minimizing arc 


* Throughout this paper, the repetition of a subscript in an expression will indicate 
summation with respect to that subscript over its range of definition. The + and — 
signs attached to the argument of a function will be used to indicate the right-hand 
and left-hand limits of the function at the indicated value of the argument. 
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for the problem of Mayer with corners at x =ty (0 =1,--+-,1r) there exists 
a function F =dg(x) da such that between corners of Bx», 

(2. 11) (d/dz) Fy ,— Fy, = 9, oa = 0, 

and such that 

(2.12) Py, qi — Py (41) (41) + AoG[Er, (21), €2, ] = 0 
for every set satisfying the equations ,[é,, (2), 
€2, ] =0. The multipliers rAg(x) coincide on each segment 
with functions which are continuous on furthermore, 
the functions Fy,, P—y'iFy, are continuous at the corner points «=, 

This first necessary condition differs from that obtained in the usual 
fashion [IX, p. 480] in that it includes the additional condition that the 
function F — y’;F,, is continuous at the corners of a minimizing arc.* 

If H,. is an admissible arc which satisfies between corners the equations 
(2.11), and which is non-singular, that is, at each element (2, y, y’,A) of Fiz 
the determinant 
hay’; 
py’; 0 
is different from zero, then the functions yi(z) and Ag(z) are of classes 0” 
and ©” at least between corners. In this case #,. consists of a finite number 
of extremal arcs and is called a broken extremal. A broken extremal such 
that the functions F,, and F —y';F', are continuous at its corners will be 


called an extremaloid. 
The admissible are Hy. is normal if there exist p sets of admissible 


variations niv (Ss =1,2; v—=1,- -,p) such that 
(2. 13) | Yule, av] | 
FE. is seen to be normal if and only if there exist P sets of quasi-admissible 
variations nix (7 P) such that 
Wy | | 
X;[1 | rz, 


Xi[r | | 


*The continuity of F—y’;F,,, has been derived in another manner by Bliss and 
Hestenes, who have also discussed the dependence of the continuity of this function 
upon the continuity of F,,- For abstract of their paper, see Bulletin of the American 
Mathematical Society, vol. 39 (1933), p. 341. 

+ One such set is obtained as follows: let Ton = 0 (w=1,...,P; 0=1,---,f), 


sts 
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The admissible are Ly. is normal on the sub-interval a’v” if there exist 
2n—1 sets of admissible variations fs, nix(z) =1,: -,2n—1) such 
that the matrix 


| (2’) || 
| | 
has rank 2n — 1. 
The method used by Bliss to prove the corresponding result for the 


problem of Lagrange [III, p. 695], gives the following result. 


LemMA 2.1. Jf a set of generalized admissible variations &s, 79, 7i(«) 
for a normal admissible arc Ey. satisfy the equations é, 4] = 0, then there 
exists a one-parameter family of admissible arcs 


(2. 14) Yi = (2,6) tya(b) SaSty(b), (y= 1,-°°,r+1) 


satisfying the equations (2.7%), containing Ey. for b = bo, and having the set 
£2, 79, ni(@) as its variations along 


We have also: 


LeMMA 2.2. If Hy. is an extremaloid, then for every set of generalized 
admissible variations &, 79, ni(x) along Ey. the functions yni(x) satisfy the 
relation 


tt 


(2.15) Fym |, =0 


for every set of values a and x” on 222. 


It then follows readily that at each corner x = ty of Hy, the functions 
n(x) belonging to a set of generalized admissible variations yi (2) 
satisfy the equation 


(2. 16) Fy, (te-) ni — Fr, (tor) = 0. 


3. Construction of families of extremaloids. Embedding theorems for 
extremaloids will be obtained by starting with an extremal sub-arc of the given 
extremaloid and showing how to proceed past a corner. We shall assume that 
the given extremaloids H,. has corners at c= ty (6 =1,- - -,7) and is non- 


singular. Along an extremal sub-are H7,, of H,2. whose equations are of the 
form (2.5), the equations 


and choose Ey Miy (V=1,--+-,p) as a set of admissible variations satisfying (2.13) ; 
finally choose quasi-admissible variations 14 (a) as continuous on ty 
satisfying the conditions 9; (tg) and as identically zero on < @, 


= 
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(3. 1) Fy,(a, Y; d) = y) = 0 


may be solved for the variables yi, Ag in a neighborhood of the values (2, y, z) 
on H%,,. The solution of (3.1) has the form 


(3. 2) = Pi (x, y, %), Aa = Aa? (2, 2), 
and has continuous partial derivatives of the first two orders since the first 


members of the equations (3.1) have such derivatives. The system (2. 11) 
is now equivalent to the system 


(3. 3) dyi/dx Pi7 (a, Zz), dzi/dx F,,[2, (a, Zz), AY (a, Y; z)]. 


It then follows that through each element (Zo, Yo, 2) in a neighborhood of 
the set of values (x,y,z) on H7;, there passes a unique solution 
(3. 4) Yi = (2, Lo, Yo, 20), 2% = Zi? Lo, Yo; 20) 
of equations (3.3) for which the functions Y%j, Y%2,2%, Zig have con- 
tinuous partial derivatives of the first two orders since the second members 
of (3.3) have such derivatives [See III, §6 and VIII, § 3]. 
For (20, Yo, Zo) in a suitably restricted neighborhood of H*,2 we then have 

a family of extremal arcs of the form (3.4) for y= 1 embedding E,,.. Now 
along this family the corner equations 

Fy, [T, A'(T) |] — Fy, [T, ¥*(T), p, A] = 0, 

F(T, ¥*(L), Y'e(L), A(L)] 
— ¥*(L), p,A] + piFy LT, Y(T), p,A] =0, 

¥*(L), p] = 0, 
where for brevity the arguments (2, Yo, %) are omitted in writing, have 
initial solutions T = t,, pi = y'i(tit), Aa =Aal(tit), (Lo, Yo, Zo) equal to an 
arbitrary element Xoo, Yoo, Zo0 ON H%12. Since Hy. is non-singular, the functional 
determinant of the equations (3.5) with respect to the variables i, Aq, T’ is 
seen to be equal to a non-zero multiple of the value of Q, at z = t,, where 
(3. 6) = F,* + Wi Py," 
and the superscripts -+- and — denote, respectively, the right-hand and left- 
hand limits at a given value of z. 

Consequently, if we make the additional assumption that 0,(t,) #9, 

the equations (3. 5) have unique solutions pi = pi(o, Yo, Zo); Aa = Aa (Lo; Yo: 20); 
T =T (Xo, Yo, 20) having Yo, 20, Pi, Aa, J’ in suitably restricted neighbor- 
hoods of 200, Yoo, Zoo, Yi (ti*), Aa(ts*), respectively, and these solutions are 
of class C’ at least. Application of the embedding theorem to the extremal 
sub-are L?,. now shows that through each element 


[T1(2o, Zo), Yo: Zo)» Lo, Yo. 20)» Di (Lo, Yos Zo)s Aa Yos Zo) | 
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there passes a unique extremal arc in a neighborhood of H?,., provided 
(Zo, Yo, 20) 18 sufficiently near (20, Yoo, 200). If Q, is assumed to be different 
from zero at each corner of H,2. we may proceed past these corners successively 
and obtain a family of extremaloids 


(3.7) Yi =VilX, Yo, 2% = Zi(L, Lo, Yo, 20) (% S 2S 2) 


defined for (2, Yo, Yo, 2) in a neighborhood of the values corresponding to Eis 
and containing for (21, £2, Xo, Yo, 20) = (L105 L205 Yoo: 200)» The func- 
tions Y; are continuous in all their arguments, and Yi, Viz, View, Aa, Aae are 
of class C’ in all their arguments except at the corners; furthermore, the 
corner manifolds 


(3.8) c= Yos 20)» Ys = Vi[To( Yo, Loy Yos Zo] (@—1,---,r) 


are of class C’. 

In the above proof of the existence of the family (3.7) we have assumed 
that the element (oo, Yoo, 200) Was on H,,. If this initial element occurred 
on some other extremal sub-are of H,, it is clear that a family of the form 
(3.7) would be obtained by extending the family past the corners of the 
adjoining sub-arcs successively. 

Since each curve (3.7) has an initial set at x = 2%) we lose none of them 
if we replace 2 by, the fixed value 2,9. Furthermore, on account of homo- 
geneity relations satisfied by the functions of the set (3.7), the family is seen 
to depend essentially upon only 2n —1 constants [VIII, p. 310]. If these 
constants are suitably chosen and denoted by Con-1, the equations 
of the family take the form 


(3. 9) 2 (2, Cc) (2, S 2) 
and contains for special values (2, ¢) = (210, 220) Co). Ina neighbor- 
hood of the values (z, c) defining Hy. the functions 

Yi Yias Yiow, 21, Aq = y(Z, 2(2, C)], Aaz 
are of class C’ in all the arguments except along the corner curves of the 


family, and for the special values (219, ¢)) the determinant 


(3. 10) 

ic, Zi | 
is different from zero. Finally, the equations of the corner manifolds of the 
family may be written in the form 


(c) r= tg(c), Yi = Yi(tg(c), c) (6 


and the defining functions are of class C’ in a neighborhood of c = Cp. 


) 
= 


WILLIAM T. REID. 


4. Further conditions satisfied by a minimizing arc. The Weierstrass 
necessary condition states that at each element (2, y,¥,A) of a normal mini- 
mizing arc E,, the inequality 


(4.1) €[2,y, Y’,A] 

= F(a, y, Y’,A) —F(2,y, 7,4) i) Fv A) 20 
must be satisfied for every admissible set (x,y, Y’) ~ (a, y, y’).* The neces- 
sary condition of Clebsch states that at each element (2, y, y,A) of a normal 
minimizing arc the inequality 


Py w; (z, Y; A) TT; 


must be satisfied by every set (II;) 4 (0) which satisfies the equations 
day',ll; = 0. The conditions of Weierstrass and Clebsch will be denoted by 
II and III, respectively, while II’ and III’ will be used to denote the con- 
ditions strengthened to exclude the equality sign. 

At a corner = tg the corner conditions of the first necessary condition 
imply 
(4. 2) E[ ts, y(t), y (te), (tet), 

= 0 = E[ ts, y(to), (to), (to), J. 

Let be a set of continuous functions such that = and 
which satisfies the equations y’(x), P’(x)] in a neighborhood of 
xz=—=ts By the use of the corner conditions we obtain that the function 
E[ax, y(x), (x), P?(x), A(x) ] has at = ty a left-handed derivative equal in 
value to 2,(tg).¢ Similarly, if Qi°(v) is a set of continuous functions satis- 
fying Qi°(ts) = and dala, (x), ] =0 in a neighborhood of 
z= ts, then E[z, y(x), (x), Q°(x), A(x) ] has a right-handed derivative at 
x = tg equal to —Q)(t). We have, therefore, the following results: 

If Ey. is an extremaloid along which E= 0, then 25 0 at the corners 
of 

If Ey. is a minimizing arc for the problem of Mayer, then Q, S 0 at the 
corners of Ey». 


We have also the following property: 


If Ey. is an extremal arc and at an element (2,y,y/,r) of Ez the 
€ function is non-negative, but vanishes for an admissible set (zx, y, Y’) 


*See Graves, “On the Weierstrass condition for the problem of Bolza in the 
calculus of variations,” Annals of Mathematics, vol. 33 (1932), pp. 261-274. 

+ The corresponding result for the Lagrange problem in parametric form has beet 

established in the above manner by Hefner [VI]. 
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+ («,y,¥'), then there exist multipliers Xq such that the set (x,y, Y’,X) 
satisfies the corner conditions with the set (x,y, y’, A). 
The function €[z, y, y’, p,A] is non-negative for all sets p; such that 
(z,y,p) is in R, dalz, y, p] =0, and | day,(z, y, p)|| is of rank m, There- 
fore, since pj = Y’; is a set such that 


(4.3) E[a, Y’,A] =0, 
it follows that there exist constants d, satisfying the equations 


(Aa + da) pay’: (x, Y’) — Nahay’; (2, y’) 
If Ag =Aa + da, the set (2, y, Y’,X) satisfies the conditions 
Fy (a, y, ¥’,A) yy); 
and from (4.3) it then follows that the other corner conditions are also 
satisfied. 

In view of equations (4.2) it is seen that along an extremaloid which is 
not an extremal are condition II’ cannot be satisfied. As a matter of notation, 
however, an are of the form (2.1) will be said to satisfy condition II’, if at 
each element (2, y, y’,A) on the arc we have 


fis, 9,97, > 0 


for every admissible set (x, y, Y’) which is distinct from the sets [z, y, ¥’(~—)] 
and [z, (x +)]. 


5. The second variation. Consider a normal non-singular extremaloid 
£,. with end-values satisfying the equations y,—0 and which has corners 
at ty Let 3,74, be a set of generalized admissible 
variations satisfying the equations Y,[é,7] —0. By Lemma 2.1 there is a 
one-parameter family of admissible arcs (2.14) containing H,. for b= bdo, 
satisfying 0, and having the set 79, 7:(x) as its variations along 
If the equations of this family are substituted in the functions g, Wp, xi, ¢a 
we obtain * 


d? g b=bo 


(5.1) ge[é, 7, 9] = 2061, (21), €2, 


=1 @1 
where 


Qu = Py inj -t- ini + Py sninis 


H[6| +9, (to-), = {Pe + + yn] 


*The reader is referred to [II] for the corresponding calculation of the second 
variation along an extremal are. 
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and Q is a quadratic form in its arguments whose explicit value will not be 
written. 


6. The accessory boundary value problem and an analogue of Jacobi’s 
condition. We shall now consider the problem of minimizing the expression 
g2[é, 7,7] in the class of generalized admissible variations which satisfy the 
equations ¥,[é,7] —0, and are normed such that 


(6.1) + + = 1. 


The formulation of this problem is simplified by the introduction of new 
functions u%,(z) [k=1,---,n(r-+ 1)] by the equations 


(6.2) = (ty + 2[ty—tya]) 


The limiting values of the functions yi(z) at the points «= tg are then 
expressible as end-values of the functions at and The 
integrals in (5.1) and (6.1) are seen to become integrals on 0 = x1 of 
quadratic forms in the variables u(x) and their derivatives, and the set of 
m equations (2.8) reduces to a set of m(r-+ 1) linear differential equations 
in the new variables. Finally, let r + 2 additional functions be defined by 
the equations 

(0) = = 79 (s== 1,2; 

U'rninss = 0 = «=> 1). 


Our accessory minimum problem described above then reduces to the 
problem of finding in a class of arcs 


(6.3) Uv = 


which satisfy a set of mr -+ m-+r- 2 ordinary linear homogeneous differ- 
ential equations of the first order, rn + p linear homegeneous equations in 
the end-values of these functions at z —0 and z—1, and the condition 


(6. 4) {Urnsnsv(0) }? + 5 [ty — ty-1]dx =|, 


Y= 


one which minimizes an expression of the form 


(6.5) I.[u] =29[u(0), u(1)] (a, t, u’) de. 


In this last expression 9 and w are quadratic forms in u,(0), wv(1) and 
Uy, respectively. 

The boundary value problem consisting of the Euler-Lagrange equations 
and transversality conditions for this reduced form of the accessory mini- 
mizing problem is of the form recently considered by the author [VII, and 
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If Hy. is a normal extremaloid which satisfies condition III’, then 


the conditions of Theorem 6.1 of [X] are satisfied and there exist infinitely 
many real characteristic numbers A; = A, =A; S- - - of the boundary value 


problem 


. Furthermore, each characteristic number is determined by a corre- 


sponding minimizing property. In particular, A; is the minimum of J.[w] 
in the class of arcs (6.3) which satisfy the differential equations, end- 


conditions, and condition (6.4). 


It is more convenient for our use, however, to write the differential 


equation 


s and boundary conditions of this accessory boundary value problem 


in terms of the original set of variations &3, 79, i(2) defined on 2,22. It is 


also advantageous to give the differential equations in canonical form. As is 


customary, let 


Along a 
(6.7) 
have uni 


(6. 8) 


, 4’, = o(2, 7,79) + paPa(2, 
non-singular extremaloid L;,. the equations 
bi = Oy, (2, (2, UB 1) = 0 
que solutions 


H;[z, > fa Ma [2, N> 


which are linear in the variables 7, ;. It then follows that the characteristic 


numbers 


of the accessory boundary value problem are the values of A corre- 


sponding to which there exist sets és, 79, 7i(v),€i(v) which satisfy the 


following conditions: 


(a) 

(b) 
with fun 

(c) 


e set 79, ni (2) 18 a set of generalized admissible variations; 
the set és, 79, 7 set of lized ad bl ations; 
the functions coincide on each segment ty. <2 < ty 
ctions which are of class C’ on ty, Sa¢St,; 

the functions 7, €; are not all identically zero on 2,22, and satisfy 


on each segment << < t,, the equations 


(6.9) = Hi[z, =,,(2, £], M[a, £]) —Ani = 0, = 0; 


(d) 


(6. 10) 


there exist constants 


which satisfy the equations 
Xi[6 | 7,7] =0 (4 =1,:--,n; 
Onis + duVyun., (— 1) = 0, 
Ve, + — Abe = 0 (s = 1,2), 


+ doi + = 0, 
( + dg + bi (tg*) 0, 
A, | 7,4] + {y's(to) — y's (tor) } — = 0. 
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It is to be remarked that if &, 79, 7i, i; is a solution of the system (6.9), 
(6.10), then the multipliers pa(x) defined by (6.8), together with the 
functions 7/;(x), coincide on t,_. << x < t, with functions which are of class 
C’ on ty 

We have the following important theorem. —; 


THEOREM 6.1. Let Ey. be a normal admissible arc whose end-values 
satisfy the equations = 0, and which satisfies conditions I and III’. Then 
a necessary and sufficient condition that g2[é,7,4] =0 for all sets of gen- 
eralized admissible variations &, 79, yi(x) which satisfy the equations =0 
is that the least characteristic number Xr, of the corresponding boundary value 
problem (6.9), (6.10) be non-negative. 


As a corollary to this theorem we have the following result: 


IV. THE Conpition oF Mayer. For a normal non-singular mini- 
mizing arc Ey. the least characteristic number dA, of the corresponding accessory 
boundary value problem (6.9), (6.10) must satisfy the condition r, = 0. 

As is customary, IV’ will be used to denote condition IV with the equality 
sign excluded. 


7. Secondary extremaloids. The differential equations (6.9) reduce 
for A = 0 to the set 
(7.1) = Hila, 7, H[ 2, 9, |, 7, ¢]), Pa (x, 9; 7 )= 0, 
This set is called the accessory system of differential equations. We shall 
understand by a secondary extremaloid a set of functions yi(x), :(x) and con- 
stants zr, satisfying condition (b) of §6, which is such that equations (7.1) 
are satisfied on each segment t,. << 2 < t,, and which satisfies with asso- 
ciated constants dg); the corner equations 
7,9] =0, 
| 7,9, 4] + + Si(to-) = 0, 
(7. 2) Xonsi[ 0 | T, 1; d| == dgti £i(t*) = 0, 
| 7, 9, + {y'i(tor) — = 0 
1,---,1). 
Kquations (7.2) are seen to be those of the set (6.10) which apply at the 
points t, with A=0. 
The following lemma is of significance: 


LemMA 7.1. Jf Ey. is a normal non-singular extremaloid having 
OQ) ~ 0 at its corners, then corresponding to a secondary extremal arc ni, & 
defined on one of the intervals ty.. xt, there is a unique secondary 
extremaloid on 4, S242, whose defining functions coincide with ni, fi on 
their interval of definition. ; 
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In the 3n + } equations of (7.2) corresponding to a given value of 0 
the determinant of the coefficients of the quantities rg, ni(to-), (te), 
or of the quantities r. dg)i, ni (t+), £i(t9*), is seen to be a non-zero multiple 
of Qo(t,). Lemma 7. 1 then follows readily from the hypothesis Q)(t,) #0 
and the existence theoren: for the system (7.1). 

In particular, it is to be noted that 7, =0, £:==2i(2) is a secondary 
extremaloid for which rz = 0 


8. The determination of conjugate points. As before, we consider a 
normal non-singular extremaloid Hy. with corners at 


DEFINITION OF CONJUGATE PoInt. A value x, is said to define a point 
3 conjugate to the point 1 on Ey. tf there exists a secondary extremaloid 
19 = 09, ni = = vi(x) whose functions uj(x) are not all identically 
zero On 2,23, and satisfy with constants c,d the conditions 
(8. 1) = 0 = + dui (cd =0, c+ 240). 


If xz; does not define a corner of H,, the conditions (8.1) become 
= 0 (23). 

The following lemma is a consequence of equations (7.2) and (3.6), 
and the proof will be omitted. The results will be used in establishing certain 
properties of conjugate points. 


LeMMA 8.1. Let €i(v) be a secondary extremaloid which at 
a particular corner point x«=ty of Ey. satisfivs with constants c and d the 
relation 
(8. 2) oni(to-) + dni (tor) = 0 (c+d£0). 
Then 
(8.3) 2H[O| dro/(c + d), n(to-), 0] + (to-) bi = Cdr g?Mo(tg) + d)?, 


(8.4) 2H[8 | crg/(c + d), 0, (to) ]— (tot) = + d)* 


A generalization of the result obtained by Bliss and Hestenes [ VIII, 
p. 8315] for extremal arcs in the special Mayer problem for which p= 2n + 1 
is given by the following necessary condition. 


IV,. Let Ey. be a normal non-singular extremaloid, normal on every 
sub-interval of and having ~ 0 at each of its corners. If Ey. is 
a minimizing arc for the problem of Mayer here proposed, then between 1 
and 2 on Ey. there can be no points 3 conjugate to 1. 


If there were a secondary extremaloid og, ui, vi whose functions u;(zx) 
satisfied conditions (8.1) but were not all identically zero on 2,23, then let 


7 (8.5) ni(z) =ui(z) (1 =0 (% << 
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In case either = 0 or =O (1—1,- -,), correspond- 
ing constants rg would be defined as follows: if ui(xs-) =0 (t=1,- - -,n) 
then tg =o, if tg < and tg if tg if the values were 
not all zero but ui(z3*) = 0 (t—1,---,n), then rg if tj 2, and 


= 0 if tg These values, together with the functions of (8.5) 
and the constants 0, would be such that g2[é,7,7] 0, and would be 
therefore a minimizing set for the accessory minimum problem of § 6. There 
would then exist multipliers pg(x) and functions {;(z) defined by (6.7) 
which were of class C’ and satisfied with the functions (8.5) equations (7. 1) 
on every sub-interval of 2,22. which did not contain any of the points zy, t, 
(@=1,:--,7r). Furthermore, the functions {:(2) would be continuous 
between corners of H,. and equations (7.2) would be satisfied by suitable 
constants d,);. In view of the normality of #1. on 3%2, there would then 
exist a constant k such that €;(7) —kz;(x) on %3%, and as a consequence 
of the continuity of €;(2) between corners of H,. and Lemma 7.1 it would 
follow that u;(2) =0 on 2,23, which is a contradiction. 

There still remains the possibility of x, defining a corner point ft, of F,, 
and the functions of neither of the sets ui(x3-), wi(as+) being all zero. In 
this case it would follow from the equations X;[6* | o, uv] =0 that og <0. 
With the functions »i(z7) of (8.5) we would then associate constants é,, 7, 
follows: 


é, = 0 (s = 1,2); Tg if 0> @, = dogs/(c +4). 
Tt would then follow from Lemma 8. 1 that 


g2l€, T) 7] (tg) d)? < 0. 
Since this is impossible if H,. is a minimizing arc, the necessary condition 
1V, is therefore established. 

The notation JV’, will be used to denote the condition that there exist 
no value x on x; < ©» which defines a point conjugate to the point 1 on 
Ey,. It follows readily that condition JV’ implies IV’). 

If Hi, €; and a, 7; are a pair of secondary extremal arcs on a segment 
ty1<«< ty, then the expression 7:7; — fii; is equal to a constant on this 
segment [III, p. 738]; in particular, if this constant is zero the secondary 
extremal ares are said to be conjugate. Let r9,yi,€; and op, ui, vi denote 
the secondary extremaloids on 2,7, whose functions and ui, coincide 
with 7, € and @, Ui, respectively, on their interval of definition. From the 
conditions (7.2) satisfied by these secondary extremaloids it follows that the 
function yivi—iui is constant on 2,2. Hence, if on any segment 
ty1 <x < t, the component secondary extremal arcs of two secondary extre- 
maloids are conjugate, then on each segment ty_.§ <2 < ty (y=1,°':,7 +1) 
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the component secondary extremal arcs are conjugate; two such secondary 
extremaloids are said to be conjugate. 
The following lemma will be of use in the proof of the succeeding theorem. 


LemMaA 8.2. Let ogj,uij(x) be arbitrary generalized 
admissible variations on 2,%2. Then for arbitrary values of c and d, 


= (c+d)""[e | + ] 


(4, Sz=2). 


(8.6) + dui; (#s*) 


If z,; does not define a corner of Hy, then equation (8.6) is trivial. 
If 7, = ty (@—=1,---,7) the result may be proved in an elementary manner 
in view of the equations X;[6 | o, wu] = 0. 

The following theorem is fundamental. 


TuroreM 8.1. Let Ey. be a normal non-singular extremaloid which 
has 2,40 at its corners, and which is normal on every sub-interval 
extremaloids determined by the initial conditions 


nin(Zi1) =0, = (21) 


then a value x34 x, defines a point 3 conjugate to 1 on Ey. if and only tf 
| | | SO. 


On the assumption that #,,. is normal on every sub-interval 
<< %3 it is seen that an arc —7ij(x)b; is identically zero 
on 2,7, if and only if bj; =0 (7 =1,-:--,n). It is also to be remarked 
that if for such a point x, there exist constants c, d, b; such that 


(8. 8) [enis(@s-) + dis = 0 (c+dA0), 
then b, 0. This result is immediate, since by Lemma 2. 2 we have 


(Zs) [nis ( 2s") |b; (c + 24(@1) (21) 
= (c + d) (21) 24 (21) dn. 


= 0, there exist 


Now if is a point such that | 9;(xs-)| | 
constants c,d satisfying the relation 


(8.9) | | + d | = 0 (cd =0,c+dA0). 


As a consequence of Lemma 8.2 there then exist constants b; not all zero, 
but with b, necessarily zero, which satisfy equations (8.8) with the values 
¢,d determined by (8.9). We have therefore established that if the de- 
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terminant | 7:;(x)| vanishes or changes sign at rs, then 2s defines a 


point 3 conjugate to 1 on Fj>. 
Conversely, it is seen that every secondary extremaloid 9, i, which 
satisfies the conditions yi (2,) 0 is of the form 


ni On, = bn + (2) bn, 79 = 


If x; defines a point 3 conjugate to 1 on FL, there exist constants c,d such 
that | cnij(xs-) + = 0, cd = 0, c+ dA 0, and as a consequence 
of Lemma 8. 2 we have | ij (3-)| | (s*)| S 0. 


9. An auxiliary theorem. In this section we shall prove the following 
auxiliary theorem which is fundamental in the construction of a family of 
extremaloids for the problem of Mayer. 


THEOREM 9.1. Let Ey. be a normal extremaloid, normal on every sub- 
interval x43, which satisfies conditions III’, IV’, and for which Qo < 0 at the 
corner values = ty (9@=1,:--,7r). Then there exists a set of n secondary 
extremaloids Sgj;, Uij(x), Vij(x) which are mutually conjugate in pairs and 
such that the determinant | Uij(x)| does not vanish or change sign on the 
interval 2, S 2p. 


Preliminary to the proof of the above theorem we shall establish two 
lemmas. Consider a system of secondary extremaloids 7ij(x), 
defined by initial conditions (8.7), and such that {in(x,)2:(2) =0 
(hk =1,:--,n—1). The members of this family are then seen to be 
mutually conjugate in pairs. Furthermore, since F,, satisfies the con- 
dition IV’, it follows that the determinant | i;(a)| does neither vanish nor 
change sign on << 2. If the matrices || 79; ||, || |], |] (x) || are 
multiplied on the right by the inverse of the matrix || i;(z2)|| a new con- 
{ jugate system og;, wij(Z), vij(x) is obtained which satisfies the conditions 
= Viz = Bij = This conjugate 
system has the following properties: 


LeMMA 9.1. Let &, 19, yi(x) be an arbitrary set of generalized ad- 
missible variations, and define on x, << «Zz functions a;(x) by the relation 
ni (x) = uij(x)a;(x), where the functions ui;(x) belong to the conjugate set 
of secondary extremalotids ogj, uij(x), viz(x) defined above. Then 


(9.1) [74 — 0950; (tg-) — 0954; (to*) ] = 0 


(9.2) 2H[6| 9] — 
+ [74 — 0054; (t9-) [74 — 950; (tg*) =O. 
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The equations X;[6 | 7,47] =0, Ai [6 | oj, uj] are seen to imply that 
if for a given value of 6 the functions aj;(tg-) —aj(tg+) are all zero then 
the quantity ty— o9j4;(tg-) is also zero. It also follows that the functions 
uj(z | 0) = wij (x) (to-) — aj ] satisfy the relations 

[79 — 0950; (to) Jui (to | 8) — [79 — (tot) (tot | 8) = 0. 
Relation (9.1) is then seen to follow as a consequence of the condition that 
E,» satisfies IV’ . 

To prove (9.2) it is only necessary to verify that the expression on the 

left-hand side of the equation is identical with the rather complicated quantity 


+ Fy, (tor) |] — Py, (to*) (tot) — Py, (to-) | 7, 9] 
+ {aj + aj(to*)} | +, 9] do] — | 05, uj, dj (to*) 
+ | oj, Uj, dj + {Xnsi[6 | oj, Uj, dj] 
— Fy, (tg*)Xi[6 | 05, us — (to-) Xi [4 | oj, 
+ ax(to*) {[ + y, (t+) | oj, us] 
+ Fy, (to-) Xi [6 | ox, ux loo; 
+ Wij (tot) Xonsi[O | on, Ux, de] 
— [6 | Ok, dy, 


LEMMA 9.2. Suppose og, wi(x), vi(x) is a secondary extremaloid and 
there is @ point x3 On < such that 


(9.3) Cui + dui = 0 cd=0, c+ dS 0. 
Now define an arc yj by the equations 


and determine associated constants &,, rg as follows: & (s =1,2) arbitrary; 
t= 0 tf tg %3, tT =o tf lg > 233 if coincides with a corner point 
tye of Hy. then = +d). Then the set of generalized admissible 
variations &., tg, ni(x) so defined satisfies the inequality 


(9. 4) 921 €, 9] — — 2Q[E, n] = 0. 


Consider first the case when 2, < #3 < a. It then follows by the Clebsch 
transformation of the second variation [III, p. 738] that 


t + 
70] = 16 (2) Besns (2) + | | 


The expression (9. 4) is then seen to be non-negative in view of (9.1), (9.2), 
condition III’, and the hypothesis that 2, < 0 at the corners of E12. Suppose 
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now that 7, 7,. It is to be remarked first that we may assume without loss 
of generality that {;(21)z:(%) = 0, since this additional property may be 
obtained by adding a suitable multiple of the set & —0, 9: =0, 
= 2,(x), and such modification does not change the value of the ex- 
pression in (9.4). The modified secondary extremaloid, however, is seen to 
be expressible linearly in terms of the members of the family o9;, wij, vij, and 
by direct integration it is found that g2[€, 7, 7] — 2Q[€, 9] = 9: (22). 
Hence the lemma is established. 

In order to establish Theorem 9.1 it will now be proved that the set of 
mutually conjugate secondary extremaloids Sg;, Uij(x), Vij(z) having the 


initial values 
(9. 5) Uij (Xe) =8ij, (2) = Dig = Bij — 


has the property that the determinant | U;;(x)| neither vanishes nor changes 
sign on In the first place, | Uij(a2)| If now | Ui;(z)! 
were to vanish or change sign for a value 23(%, S23; <2), there would 
exist constants a; not all zero such that the secondary extremaloid og = S;a;, 
= vi = Visa; satisfied at the condition (9.3). Then consider 
the set &s, 9, ni, 1 of Lemma 9.2. In case zz did not correspond to a corner 
of H;., it could be proved by direct integration that 


9] — Bijny — 2QLE, = aiDi jay — a, Bijay = — aja; <0. 


In case z; coincided with a corner value 2 = tgs of Hy2, then by direct in- 
tegration and the use of relation (8.4) it would follow that 


= — a4, Bi jaj + + S —aiai < 0, 


in view of the assumption that Q) < 0 at the corners of Hy. In either case 
we would have a contradiction to the result of Lemma 9.2. Hence the 
determinant | U;;(z)| neither vanishes nor changes sign on a, S 2, and 
Theorem 9. 1 is established. 


10. Definition of a field and a fundamental sufficiency theorem. 
A field with r discontinuities is defined to be a region § in sxy-space con- 
taining only interior points, having associated with it r corner manifolds 
(10. 1) (a, » Qn), Yoil[To(a, »4n), M1, On], 
(6 1, r) 


and functions pi(a,y), la(z,y) a=—1,---,m) with the 
following properties: 
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(a) the corner manifolds Mt, are non-singular, have no multiple points, 
do not intersect each other and each Mt, divides % into two parts; 

(b) the functions pi(z, y), la(z, y) are continuous and have continuous 
first derivatives between corner manifolds Mt, in % and approach finite limits 
cn each side of each My; 

(c) the two limits pi and p;* of the functions p; at a point of a corner 
manifold Mt, are such that the sets p;- and p;* always determine directions 
on the same side of Mt, and never tangent to it; 

(d) the sets [z, y, p(a, y)] for (x,y) in & are all admissible ; 

(e) the functions 


Py y, y), y) |, 
y, p(x, y),1(x, y)] — pila, y) Fy, y, p(2,y), y)] 
are continuous in #; 


(f) the Hilbert integral 


f {F[a, y, p, + (dyi — pidr) Fy,[2, y, p, 1]} 


formed with these functions is independent of the path in %. At a point 
(x,y) of a corner manifold of % it is to be understood that the set of values 
(x,y, p,/) appearing in the integrand of J* are replaced by either the set 
(x,y, p,l-) or the set (a, y, p*,l*). From (e) it follows that the value of 
the integrand is the same for either set of limiting values. 

It may be proved in the usual manner that in the field between corner 
manifolds Yt, the solutions of the differential equations 


dyi/dx = pi(«, y) 

are extremal arcs. Condition (e) above then implies that these may be pieced 
together to form extremaloids, which are called the extremaloids of the field. 
The value of J* is seen to be zero along every extremaloid of the field. 

Sufficient conditions for the problem of Mayer here discussed are obtained 
by the same method that Hestenes [IX] has used for the case of extremal 
arcs, and makes use of the following auxiliary Mayer problem. On the 
assumption that /,. is a normal extremaloid which satisfies the necessary 
condition I it is seen that the matrix 


has rank p+1. Let 41, 22, be 2n4+1—p 
functions possessing continuous first and second partial derivatives in a neigh- 
borhood of the end-values [L105 L205 belonging to vanishing at 
these values, and for these values having the determinant 
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Ja, Iva 
Ypa, Youre 


different from zero. The new set of end conditions pp = 0 (p = 1,---,2n +1) 


(10. 3) 


defines an auxiliary problem of the type discussed by Bliss and Hestenes 
[VIII], and a minimizing extremaloid /,, for the original Mayer problem is 
also a minimizing extremaloid for this auxiliary problem. Furthermore, if 
E,, is not only normal, but also normal on 2,%2, then it is normal with respect 
to the conditions J —0 (p—1,:--+,2u-+ 1) as defined above [see IX, 
p. 484]. 

For this auxiliary problem of Mayer we may prove by the same methods 
that Bliss and Hestenes have used for extremal arcs [VIII, §7] the fol- 
lowing theorem. 


THEOREM 10.1. A FUNDAMENTAL SUFFICIENCY THEOREM. Consider 
a normal extremaloid Ey. which is an extremaloid of a field %. Suppose that 
the ends of Ey». satisfy the conditions wp = 0 and that there is a neighborhood 
N of these ends in (2,4y,%242)-space such that no other extremaloid of the 
field has ends in N satisfying the equations J —0. If at each point of § 
the condition 
(10. 5) Elz, y, ¥1 > 0 


holds for every admissible set (a, y,y’) such that (2, y,y') (2, y, 
(x,y, y) ~ (a, y, p*), then the neighborhood N can be so restricted that the 
inequality g(Cs4) > g(Li2) is true for every admissible arc Cz, in & with 
ends in N satisfying the conditions wp = 0 and not identically with 


Between corner manifolds the inequality (10.5) gives the usual strength- 
ened form of the Weierstrass condition. On the corner manifolds this 
inequality implies in view of condition (e) above that we have also 
E[z, y, p*(x, y), y),y] > 0 for every admissible set (x, y, y’) such that 


11. Sufficient conditions for a strong relative minimum. The con- 
struction of a field of extremaloids for the auxiliary Mayer problem defined 
in § 10 is embodied in the following theorem. 


THEOREM 11.1. Let E,. bea normal extremaloid that is normal on every 
sub-interval < X32), which satisfies conditions IV’, and for 
which Qo ~ 0 at its corners. Then Ey. is a member of an n-parameter family 
of extremaloids 


(11.1) yi = yi (2, b,,° bn), 2; (2, bn) 


| | 

| 
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whose determinant | yiv, | neither vanishes nor changes sign along E,2.; fur- 
thermore, Ey. is an extremaloid of a field & simply covered by the family. 


The explicit form of such a family may be given as follows. Let 

B(b) = zi2bs + (1/2) Dig (bi — yiz) (05 — 

where the constants D;; are defined by equations (9.5) in terms of the end- 
values of the conjugate system of secondary extremaloids S4;, Uij, Vij de- 
termined in § 9 to satisfy the conditions of Theorem 9.1, and yi2, zi2 are the 
end values at © = Yoo of the set yi(@), 21(z) defining H,.. When in equations 
(3.7) the set (Xo, Yo, Z) is replaced by the set (220, bi, Bo,) an n-parameter 
family of extremaloids 
(11.2) yi = 2, a0, 6, Bo) = yi(z,b), 2% = 24 (2, Leo, Bo) = (2, b) 
is defined and contains H;. for b, = yiz. The multipliers A,(2, b) and corner 
manifolds Mt, associated with this family are determined by equations (3. 2) 
and (3.8). Furthermore, since each extremaloid (11.2) defined by para- 
meter values 6; has on it the element (220, bi, Bo,) it is seen that yin, = 84j, 
4%», = Dij at X=. Hence from Theorem 9.1 it follows that the de- 
neither vanishes nor changes sign along the extremaloid F» 


terminant | yin, 
of the family (11.2). This family, therefore, simply covers a neighborhood 
of Hy.. In particular, let % be a neighborhood of H,. which is simply covered 
by the family, for which the portions of the corner manifolds Mt, of the family 
which lie in % satisfy condition (a) above, and such that if the parameter 
values of the extremaloid through a point (zx, y) of % are denoted by b;(z, y), 
then the functions 


(11.3) = yio[2, y)], = 9) ] 

have the sets [z,y, p(z,y)] all admissible. The neighborhood % and the 
functions pi(z,y), la(z,y) defined by (11.3) are seen to satisfy conditions 
(a)-(e) of § 10. Moreover, on the hyperplane + = 225 the Hilbert integral J* 


is expressible as 
[* = Fy dyi = f By,dbi dB 


and hence is independent of the path. The integral 7* may then be proved 
to be independent of the path in } by an argument that is a slight extension 
of that used to prove the corresponding result for the case of extremal arcs 
[see VIII, p. 323; also III, p. 733]. Hence % is a field as defined in § 10. 
The proof of the following result is the same as for the case of extremal 
ares [ VIII, p. 323]: 
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THEOREM 11.2. Let Hy, be a normal extremaloid that 1s normal on 2,2, 
and which is a member of an n-parameter family of extremaloids (11.1) 
whose determinant | yi, | neither vanishes nor changes sign along E2. If the 
ends of satisfy the conditions of the 
auxiliary problem of §10, then there is a neighborhood N of these ends in 
(1,y:%2y2)-space such that Ey, is the only extremaloid of the family with 
ends in N satisfying the conditions pp = 0. 


The following theorem, which states sufficient conditions for a proper 
strong relative minimum in the auxiliary Mayer problem formulated in § 10, 
is seen to be an immediate consequence of the preceding theorems. 


THEOREM 11.3. Let Hy. be an are which satisfies the following 
hypotheses: 

H,). Ey2 is an admissible arc with r corners and with ends satisfying 
conditions wp =0 (p=—1,:-+,2n-+1) of the auathary problem of § 10. 

is normal, normal on every sub-interval 2,23 of and satisfies 
conditions (I), (III’), (IV’). 

Hs). Qo 0 at the corners on E>. 

H,). The extremaloids of the family (11.1) determined by Theorem 
11.1 satisfy condition II’, for values of the parameters b; in a neighborhood 
of the set = bio defining E>. 

Then there are neighborhoods ¥ of E,. in xy-space and N of the ends 
Of Ey. in (214;%2y2)-space such that the inequality g(Cs4) > g( E12) holds for 
every admissible arc Cz4 in & with ends in N satisfying the conditions pp =9 
and not identical with Ey». 


The proof of sufficient conditions for a strong relative minimum in the 
general problem of Mayer follows the methods introduced by Hestenes for the 
case of extremal arcs. Use is made of a family of fields depending upon 
n—1 parameters which includes for special values of the parameters the 
field introduced above. In the following discussion it will be assumed that 
satisfies the hypotheses of Theorem 11.1. Let dn) 
(h =1,---,n—1) be functions of class C’” and such that the determinant 
| By, Bno, | is different from zero for bj = bio. Then the (2n — 1)-parameter 


family of extremaloids 


yi (2, L205 b, By, + CrBno) — yi (2, b, c), 


11.4 
( ) Zi = (2, Loo, b, By + cnBun) = 21 (2, b, c) (4, 


contains for (21, 22, b,c) = bo, 0). For this (2n — 1)-parameter 


family the determinant 


id 
| 


T 
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Yio, O 


Zid; 


is found to be different from zero for the values (2, b,c) = (20, bo, 0). 
Since the determinant | yi», | belonging to the family (11.2) neither 

vanishes nor changes sign along Hy2, the determinant | yjo,(z, 6, c)| belonging 

to the family (11.4) has the same property. Hence the system of equations 


(11.5) yi = yi(@, 6, ¢) 


has a unique solution 
b= bi (2, c) 


in a neighborhood D of the values (z,y,c) belonging to Hz. We shall 
suppose that D is so restricted that for parameter values b,, c, sufficiently 
near to the set Dio, Cao defining F,. the portions of the corner manifolds Mt, 
for the family (11. 4) which lie in D satisfy condition (a) of § 10; moreover, if 


pi(z, Y; c) b(2, c), cl, 


(11. 6) la (x,y, C) y, c], 


then the sets [z, y, p(#, y,c) | are all admissible. 

By the same argument as used above we have that on the hyper-plane 
t= in ry-space the Hilbert integral 7* is independent of the path for 
fixed values of the parameters cp. It follows that for each set cp the region % 
of points (x, y) whose elements are all in D forms a field with slope functions 
and multipliers defined by equations (11.6). If in each of these fields the 
Weierstrass €-function with arguments 7,1, defined by (11.6) is positive for 
every admissible set (x,y, y’) distinct from (2, y, p*) and (2, y, p-), then the 
methods used by Hestenes [IX] for the case of extremal arcs apply to give 
sufficient conditions for a proper strong relative minimum. We have the 


following theorem : 


_ THEorEM 11.4. Let Ey. be an are which satisfies the hypotheses (H;), 
(H,), (H;) of Theorem 11.3 and the following strengthened form of hy- 
pothesis (H,) of that theorem. 

H*,). The extremaloids of the family (11.4) satisfy condition II’, for 
values of the parameters bi,cn in a neighborhood of the values bi = dio, 
Ch = Cho defining Ey». 

Then there are neighborhoods § of Ey. in xy-space and N of the ends 
of in such that the inequality g(Cs4) > g(E.2) holds for 
every admissible arc Os, in § with ends in N satisfying the conditions Yu = 0 
and not identical with Fy». 
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Suppose now that the functions yy are continuous at every pair of distinct 
or coincident points in a neighborhood of those belonging to H,2. If the ends 
of H,, are the only pair of distinct or coincident points on F,2 satisfying the 
conditions yz = 0, then for every § > 0 there exists a neighborhood % of F,, 
such that every pair of points in % satisfying the equations yp — 0 necessarily 
has one of the points of the pair in each of the two 8-neighborhoods of the 
ends of H,.. Hence by suitably restricting the neighborhood % of H12 we 
obtain the following corollary. 


Corotitary. Let Ey, be an are satisfying the hypotheses of Theorem 
11.4. If further the ends of Ey. are the only pair of distinct or coincident 
points on Ey. satisfying the conditions y= 0, then there ts a neighborhood 
& Of Ly. in xy-space such that the inequality g(Css) > g(Eiz) holds for every 
admissible arc Cz, in & with ends satisfying the conditions yy—0 and not 
identical with 


In conclusion, it is to be remarked that in Theorems 11.3 and 11.4 
the condition JJ’, has been assumed to be satisfied along the members of 
certain particular families of extremaloids. Let H denote an arbitrary 
extremaloid with equations (2.1) which has a corner for «—¢, and for 
which Q, < 0 at this corner. The results of § 4 imply that there are sets of 
elements (2, y, y’, Y’,X) for which the set [2, y, y’,A] is in a given neighbor- 
hood of either the set [t, y(t), y(t —), A(t —) ] or the set 


[t,y(t),y¥ (t+), A(¢+)], 


and for which €[2, y, 7’, Y’,A] <0. Consequently, for the non-parametric 
problem it seems necessary to phrase the strengthened Weierstrass condition 
in the manner indicated above. In this respect, therefore, the statement of 
sufficient conditions for a strong relative minimum is more cumbersome for 
non-parametric problems than for the corresponding parametric problems 
[see IV, § 5]. 


’ Remarks. [Added to proof sheets, November 24, 1934.] 


In a recent paper Hestenes has proved sufficiency theorems for an extremal 
arc in the problem of Bolza assuming no normality conditions aside from the 
existence of multipliers of the form A» = 1, Aa(x), by modifying the usual 
form of the Mayer condition. Hestenes’ methods may be extended to establish 
corresponding theorems for the problem of discontinuous solutions here 
studied.* Indeed, such sufficiency theorems may be established by the same 


* Transactions of the American Mathematical Society, vol. 36 (1934), pp. 793-818. 
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method as used above. This fact is a consequence of a result that has recently 
been established independently by Morse and the author.* 
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ON THE INVERSION FORMULA FOR FOURIER-STIELTJES 
TRANSFORMS IN MORE THAN ONE DIMENSION. 


By E. K. HAvILAND. 


An inversion formula for Fourier-Stieltjes transforms in one dimension, 
given by P. Lévy,* has been extended to more than one dimension by V. 
Romanovsky ¢ in a formal treatment. It is the purpose of the present paper 
to give an exact proof of this formula. For simplicity, the proof is given for 
the case of two dimensions, but its extension to n-dimensions is given by 
precisely the same methods. 

It is known { that if a function f(z, y) is 


(i) bounded throughout the entire (zy)-plane, 
(ii) of bounded variation in every finite region of the plane, 
(ili) absolutely integrable over the entire (ary)-plane, 


then to the formula 


there corresponds the inverse formula: 


(2) E(s, t) exp [—4(us + vt) ]dsdt, 


where the latter double integral is to be considered as a Cauchy principal 
value, as indicated by the parenthesis, and (u,v) is any continuity point of 
(u,v). 

Accordingly, we proceed to show that if ¢(£) is a distribution function,§ 
and is the corresponding point function,{ then || 


* P. Lévy, op. cit., pp. 166-167. References are collected at the end of the paper. 

t V. Romanovsky, loc. cit., pp. 36-40. 

¢Cf., e.g., V. Romanovsky, loc. cit., pp. 36-38; also 8. Bochner, op. cit., p. 202, 
Theorem 66. These authors do not give the theorem precisely in the above form, but a 
proof of the latter may be obtained by the use of their methods together with certain 
analogues of the Second Theorem of the Mean given by W. H. Young, loc. cit., p. 290, 
equations (23), (24), (25) and (26). 

§ The monotone absolutely additive set function ¢ (#) is said to be a distribution 
function if 0< ¢ (HZ) <1 and ¢ (S) = 1, where S denotes the whole (zy)-plane. Cf. 
E. K. Haviland, loc. cit., p. 627. 

{ Cf. J. Radon, loc. cit., pp. 1304-1305. 

|| R+ Pen represents the vector addition of the quadrant R and the point 
Pe, (é, n). 
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(3) g(z,y) =G(z,y; 
= + Pen) + Peo) + Pon) + 


where Cu<#;— <vu<_y), as a function of z and y, fulfills 
conditions (i), (ii), (iii) above. 

That G(z,y;€,7) is bounded for all (2, y), € and y being fixed, is seen 
at once from the fact that ¢@ is a distribution function, in which case 
|G|<4. 

That G(z,y;€,7) is of bounded variation with respect to (2, y) may be 
seen by examining its four terms separately. In the first place, F(x + & y + 7) 
is a monotone function of (2,y); for if t >a, yo>y:, and Ri: 


+ +7) —F(te +64 +7) —F(a +642 +9) + +6 
= $( Rep + — + Pen) — o(Riz + + Rix Pen) 
= $(F, + Pen) 20, where Hy: (4 St< m3 < ¥2), 


since is a distribution function. Similarly, + é,y), F(z,y +7) and 
F (x,y) are bounded monotone functions of (2, y), so that y; is of 
bounded total variation throughout the (z, y)-plane.* 

To prove G(z,y;&,) absolutely integrable throughout the (z, y)-plane , 
for fixed é and y, we observe that t : 


b d b d 
J, + (a 956 n)dedy 


d 


+& e 


b d+ b od 
a c+n a c 
d+ d b »d+n d \ 
c a c+n c 
f b+é d+n 4 
f Lf, —f ] F(a, y)dady 
a+é d c 
b d+n ) 
a Jd c J 


* A statement by B. H. Camp, loc. cit., p. 45 that a bounded monotone function is 
not necessarily of bounded variation in the sense of Hardy or Radon is incorrect. 

+ That the double and iterated integrals given below exist and are equivalent may 
be seen by consulting, e. g., E. W. Hobson, op. cit., pp. 481 and 483. 
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y +d) —F(2,y +c) ]dady 


— a) — Flay +0) | 


| —f d) —F(2,y +c) ]dady 
{ —F(z,y + 0) ]dedy 


—+ +o) 
|dady. 
But as F(z, y) is the point function associated with the distribution function 


¢(£), the integrand +0 uniformly with respect to (z,y) in (OS 
as a,b->+ © or ¢ and d being arbitrary; or as 


It 


c,d—>-+ or >— o, a and b being arbitrary. Hence 


+00 +00 
f | G(2, | drdy< +o, q. e. d. 
-00 


The Fourier-Stieltjes transform A(s,¢;¢) of the distribution function 
$(£) is given by * 


A(s, 156) — [ise + ty) (E) 
— + ty) (a, 9), 


where F(z, y) is the point function corresponding to the absolutely additive 
set function ¢ and s and ¢ are real, It follows that if s 40, t0, 


6) (is) (it) [exp (— —1] [exp (—ity) —1] 


[i{s(a@—£) + ty} ]deyo(B) 
[i{se + t(y —1)}]doyp(E) 


*The integral is the limit as the rectangle R>S, the entire (w#,y)-plane, of 
f Sr exp[i(sa + ty) ]d,,%(H), the latter being defined by J. Radon, loc, cit., pp. 1322- 
1324. The second and third members of this equation represent merely different 
notations for the same integral. 
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+ ff exp [i(st.+ ty) } 


—— (sty exp + ty) 6 Pen) 
Pe) — + Pon) + ¢(F)], 


sO 
(4) A(s,t; p) (tt)* [exp (— tsé) — 1] [exp (— tty) —1] 


+00 
ff exp Lilse + ty) (2, 9) 
-00 J -0O 
by the preceding footnote and’ * equation (3). If we set 
(5) exp + ty)] —f(z,y), 


we obtain by the partial integration formula of W. H. Young: * 


b b d 
= (st) (ae) + Hay) dg(a9) 


— a) — "40, 
+ [f(0,d)9(b, d) 0) 4) + f(a, 


We shall show that as a,c >— o and 6,d—» + o, all terms on right of the 
preceding equation vanish. By the one-dimensional partial integration formula: 


+ (st)*[9 (2, ¢) f(a, 
Now from (3) it is seen that 


(7) g(x,y) = G(a,y3& 9) = + + Pay), 


where Q: (OS u<é;0Sv<y) or (ESu< 0;nS0< 0) or (OSU <§; 
n=v<0) or (ESu< 0; 0Sv <7), depending on the signs of € and ». 
In the two former cases, g(x,y) is non-negative; in the two latter, it is 
non-positive. Since ¢ is a distribution function, there exists a rectangle J 
so large that 0 ¢(S—J) <<«/4, where § is the entire (z, y)-plane. 
Accordingly, if (z,y) is so distant that Q@+ Psy lies outside J, 


* Cf. W. H. Young, loc. cit., p. 282. 
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0=¢4¢(Q9+ <<«/4; from which fact it follows, as | f(z, y) | =1, that 
there is an M, > 0 so large that if |a|, |b|, |c|, |d| > M,, 


| st | [9 (2, ¢) f(a, ¢)] | 
| st | G(b, c; é,n)f(5, c) — G(a, c;é,n) f(a, c) | < ¢/2. 


Again, 
b 


—F(2,¢ +7) + F(2,c)]de 


[ 
an ste [F(2,c-+ 7) —F (a, c)]dx 


4+2,¢+7) —F(b+2,c) 
+ F(a+2,c) ]dz. 


Thus, as ¢ and y are fixed, the integrand can, for all z in [0,é] be made 
arbitrarily small by taking | c| sufficiently large. Consequently, as ¢ 0, 


b 
| g(x, c) def (x,c) | << «/2 if |c| > Ms, say. 


Therefore if |a|,|b|,|c|,|d| are all > max (M,, M2), 


| (st) (2,0) |<« 


Precisely similar reasoning shows that 
b d 
f(z, d)deg(2,d) | <6 | (st)* (ay) | <e 


d 
and | f f(b, y)d,g(b, y) | if al, ||, |e], | are sufficiently 
large. Finally, for fixed:s, t ~0, 


| (st)*{f(b, d)g(b, d) —f(b, c)g(b, c) — f(a, d)g(a, d) + f(a, c)g(a, | 
S | st |*{ | 9(b, d) | + | 9 (b,c) | +| g(a, 4) | +| g(a, c) |}. 


From equation (7) it can be seen that the foregoing expression may be made 
arbitrarily small by taking |a|, |b|, |c|, | d| sufficiently large. Hence 
for all fixed s,t0, the right-hand side of (6) vanishes as a,c —>— 
b,d—-+ o. The left-hand side then becomes 
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(st) ff aay) — ff (2,9) 9); 


or by virtue of (4) and (5): 


y) exp [i(sx + ty) ]daxdy 
+ (is)*(it)A(s, t; 6) [exp(— isé) — 1] [exp(— ity) —1]. 


As the limit as s>0 and/or t->0 of the left-hand side of (6) exists, the 
same is true of the right-hand side, so that we have for any fixed s, t: 


(it) *A(s, t; 6) [exp (— isé) —1] [exp (— ity) —1 


— exp [ise + ty) 
Then by (2): 


[exp (— isé) —1] [exp (— tty) —1] exp [—1(us + vt) ]dsdt, 


where g(u,v) = G(u,v;é,n) = + Pw). This is the required inver- 
sion formula. It has been proved under the assumption that (u,v) is a 
continuity point of g, and the latter will certainly be the case if Q + Pu» 
is a non-singular * rectangle of ¢. Moreover, it is known that the non-singular 
rectangles of @ are everywhere dense, so that ¢ is essentially determined by 
the inversion formula.* 

With the help of (8) and the multiplication rule for Fourier-Stieltjes 
transforms,} one can prove the Continuity Theorem for Fourier-Stieltjes 
transforms: { If {An(s, t) = A(s,¢; ¢n)} is a sequence of Fourier-Stieltjes 
transforms of distribution functions such that the sequence converges uni- 
formly in every finite rectangle of the st-plane to a function A(s,¢), then 
A(s,t) is the Fourier-Stieltjes transform of a distribution function ¢ and 
¢n — @ on all non-singular rectangles of the latter. 


* Cf. E. K. Haviland, loc. cit., p. 628. 
+ For a proof of this rule, cf. E. K. Haviland, loc. cit., p. 651, Theorem V. In the 
proof of this theorem, it is to be noted that the last line on p. 652 should read 


N m 
= (Bx) — > $1 (Re — Pj) $2(Hj)} | < 
and correspondingly the summation with respect to k at the top of p. 653 should be 


m 

taken beneath the absolute value sign. It is to be noted that }) 2, need not extend 
j=1 

beyond J. 


t The one-dimensional case of this theorem is treated by P. Lévy, op. cit., the two- 
dimensional case by V. Romanovsky, loc. cit., p. 41 and by S. Bochner, loc. cit., II, p. 403. 
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Finally, if A(s,t;) is absolutely integrable, it is possible to differentiate 
with respect to € and 7 beneath the integral sign in (8) and the resulting 
second mixed derivative is a continuous function of € and 7 in any finite 


region of the (é)-plane. As 
$(Q + Pw) =F(u+é&v+n) —F(u+é,v) —F(u,v+7n) + Flu, »), 


we may then infer, on setting u—=v —0, that ¢(Z) is absolutely continuous 
and that the point function F(z, y) corresponding to it posseses a continuous 
mixed derivative 0°F'/dxdy. 


THE JOHNS HOPKINS UNIVERSITY. 
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A NOTE ON THE DISTRIBUTION OF THE ZEROS OF THE 
ZETA-FUNCTION. 


By AvuREL WINTNER. 


The results of Littlewood * on the remainder term of the prime number 
theorem depend upon a close connection between the distribution of the prime 
numbers on the one hand and the cyclical distribution of the sequence 


(1) Yu 


on the other hand, where p; = Bi + p2 = + ty2,° denote the zeros 
of £(s) in the upper half-plane. While for the purposes of Littlewood only 
a consequence of the Dirichlet approximation theorem is relevant, it.seems 
to be worth while to determine the asymptotic cyclical distribution of (1). 
The object of the present note is to point out the fact that the sequence (1) 
is asymptotically equidistributed ¢ to modulus c, where c is any non-vanishing 
real number. In order to simplify the formulae we shall choose c= 1; it will 
be clear that the proof holds for any c. 
We have to prove that 


(2) K(n;2)/n>2 (n— 


where is any point of the interval 0S 1 and K(n;z) denotes the 
number of values & satisfying both inequalities 


(3) ks nN, Ye St. 


The truth of (2) would follow in virtue of the Riemann-Mangoldt asymptotic 
formula from a known general lemmaf if we knew the sequence of the 
differences yi: — yx to be a monotone sequence. In reality, we do not even 
know that yx.1— yx —=0 is impossible, and the numerical results of Gram § 
show that the sequence of the differences yz.1— yx is not monotone, at least 


* Cf. A. E. Ingham, “ The distribution of prime numbers,” Cambridge Tracts, No. 30, 
London, 1932, pp. 96-104. 

+ “ Gleichverteilt ” in the sense of Weyl. Cf. G. Polya and G. Szegé, Aufgaben und 
Lehrsdtze, Berlin (1925), vol. I, pp. 70-73. 

t Ibid., p. 72. 

§ J. P. Gram, “Note sur les zéros de la fonction ¢(s) de Riemann,” Acta Mathe- 
matica, vol. 27 (1903), p. 297. 
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if small values of & are not discarded. For the proof of (2) one does not need, 
however, anything but the Riemann-Mangoldt asymptotic formula in its 
roughest form, viz. 


(4) N(T) ~ L(T/2r) 
where 
(5) L(T) =T log T 


and N(T’) denotes the number of values & satisfying the inequality 
(6) weST. 
By the definitions (3) and (6) of K(n;<) and N(T) we have the identity 
K(N(T);2) =N(1+2)—N(1) + 
+ N(min{7, [T]+ 2})—N([T]) 
so that 
(7) K(N(L) 52) (Ve +2) + 


in virtue of (4) and (5). Now (4) implies by a well known limit theorem that 


[ [7] 


{N(k + 4) —N(k)} ~ {L((k + 2) — L(k/2x)} 


k=1 


for every fixed x. This is easily seen to be 


{L( (a +k) — L(k/2e)} dk, 


[7] 
hence ~ #L(T'/2r) in virtue of l’Hoéspital’s rule. Thus the sum > occurring 
k=1 


in (7) is ~@L(T/27), hence = 2N(T) + 0(N(T)) in virtue of (4). Con- 
sequently K(N(T);x2) ~«xN(T), which is the same thing as (2). 


THE JOHNS HOPKINS UNIVERSITY. 
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PARALLELISM AND EQUIDISTANCE IN RIEMANNIAN 
GEOMETRY. 


By R. M. PETERs. 


It is the purpose of this paper to generalize to Riemannian spaces the 
concepts and some of the resuts given by Graustein * for classical differential 
geometry. The angular spread, measure of the deviation from parallelism, in 
the sense of Levi-Civita, of one of two families of curves on a two-dimensional 
surface with respect to the other, becomes in Riemannian space the associate 
curvature of one congruence of curves with respect to another. The concept 
of distantial spread as a measure of the deviation from equidistance of the one 
family of curves with respect to the other suggests two corresponding spreads 
in Riemannian space: first, the distantial spread of a family of hypersurfaces 
with respect to a congruence of transversals; secondly, the distantial spread 
of one congruence of curves with respect to another. The latter concept is 
developed here only for the case when the curves of the two congruences lie 
on two-dimensional surfaces. 

The paper deals with the relations between associate curvatures and 
distantial spreads and the conclusions which they imply concerning the con- 
nection between parallelism and equidistance. 

It is assumed throughout that the linear element of the n-dimensional 
space V, is defined by the positive definite quadratic form ds? = gijdx'dz), the 
a’s being the codrdinates of the V,, and the gi;’s real analytic functions of the 
a’s. The curves and surfaces considered are always assumed to be real and 
analytic. 


1. Associate curvature. If C is a curve in V, represented parametrically 
in terms of its arc by the equations «‘ = x‘(s), and A‘ are the components of 
a unit vector defined at each point of C, the associate curvature of the vector 
A‘ with respect to the curve C is 


(1) 1/r = 


*Graustein, “ Parallelism and Equidistance in Classical Differential Geometry,” 
Transactions of the American Mathematical Society, vol, 34 (1932), pp. 557-593. 
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where 
(2) pt = (dr*/ds) x 


d+. being the components of the covariant derivative of the vector A‘ with 
respect to the fundamental tensor 94;. 

The associate curvature 1/r is a measure of the deviation of the vectors 
A‘ from parallelism with respect to C in that its vanishing is the condition 
for parallelism. 

The vector »‘ is known as the associate curvature vector of the vector A‘ 
with respect to the curve (’; it is orthogonal to the vector A‘. 

If the vectors A‘ are, in particular, tangent to C, w* and 1/r becom: 
respectively the principal normal vector and (first) curvature of C. 

That the associate curvature of the vector A‘ with respect to C’ is based 
essentially on angle is evident from the fact that it can also be defined as 
(3) 1/r = lim A6/As 

As—>0 
where AO is the angle between the vector A‘ at a point P” : (s+ As) of C 
and the direction at P’ parallel with respect to C to the vector A‘ at P : (s). 
The possibility of this definition was suggested by Bianchi* and carried 
through by Lipka + for the special case of the curvature of C. 

Instead of the single curve C, we shall consider ordinarily n linearly 
independent congruences of curves C;, (k =1, 2,- with unit tangent 
vectors Ax|* = da'/ds,, s, being the arc of the curves Cy. Then the associate 
curvature vector of the vectors An)‘ (tangent to the curves C,) with respect to 


the curves C;, is 


(4) prac? = Ax|*An 


We shall call this vector the associate curvature vector of the curves Cr with 
respect to the curves Cx, and its length 


the associate curvature of the curves Cy with respect to the curves Cx. 


2. Hquidistance of families of hypersurfaces with respect to congruences 


* Bianchi, “Sul parallelismo vincolato di Levi-Civita nella metrica degli spazi 
curvi,” Rendiconti della Reale Accademia di Napoli, ser. 3a, vol. 28 (1922), p. 161. 

+ Lipka, “Sulla curvatura geodetica delle linee appartenenti ad una varieta 
qualunque,” Rendiconti della Reale Accademia dei Lincei, ser. 5, vol. 31 (1922), pp. 
353-356. 
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of curves. Let fx(x', a") = cx, (k—1, 2,- -, 1), be the equations of 
n independent families of hypersurfaces S; in Vn. These hypersurfaces inter- 
sect in m linearly independent congruences of curves Cr, (hk =1, n), 
of which A,)* = dz‘/ds, are the unit tangent vectors. The hypersurfaces S, 
of the family fx —c;, contain the n —1 congruences Cy, (hk = 1,2,°° +, 7; 
hAk), the curves Cz being transversals of these hypersurfaces. 

Let d, be the distance, measured along an arbitrary curve Cx, between a 
hypersurface S; : and a neighboring hypersurface Sx : fx? + Afi, 
and take the logarithmic directional derivative of d; in the positive direction 
of a curve Ca lying in the hypersurface S;: fx—=f,°. The limit of this 
derivative when Af; approaches zero is defined as the distantial spread of the 
hypersurfaces S;, with respect to the curves Cy, measured along the curves Ch: 
(6) 1/bn = lim @ log (hk). 


If s, is the directed are of an individual curve C;, 
(7) sy, = 


where Of;/0s, is the directional derivative of f;, in the positive direction of the 
curves C;. Hence, we obtain as the value of the foregoing limit 


(8) 1/bim = — 0 log | | /dsn, (hk). 


If = 0, (h = 1,2,:--,n; hAk), then Of,/0s;, is a constant along 
each curve Cr, (hk ~k), and hence is a function of f,. Then, ds;, as given by 
(7) is an exact differential of a function F'(fx), and s;—=F (fx) is the common 
directed arc, measured from a fixed hypersurface 9;, of all the curves C:. 

Noting that this argument may be reversed, we conclude that the distantial 
spreads 1/bm of the hypersurfaces S, with respect to the curves Cy in the 
directions of the curves Ch, h=A k, all vanish if and only if the hypersurfaces 
S;, are equidistant with respect to the curves Cx, in that each two of them cut 
segments of equal length from all the curves C;. Thus the quantities 1/bi 
are actually measures of the deviation from equidistance of the hypersurfaces 
8; with respect to the curves Cy. 

Let 6 denote the angle between the normal at a point P to the hyper- 
surface S;, through P and the direction of the curve Cx, through P. Since 
= (Aifx) cos where = (94 is the magnitude of 
the gradient of f,, we have 


= — sec (fic, *) /O8n 
= — (Aifx)~* sec Ox (fic, 
= — (Aifx)-% sec + 
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Now 


since = But fxj,jAnji = 0, (A =1,2,---,n; hAk),' since the 
vectors An|/ lie in the hypersurfaces S;. Hence, using formula (4), we con- 
clude that 


(9) C08 Dra = (Arf) — 


Since any two congruences of curves Cy and Cx lie in a two-dimensional 
surface, the vector prx|*— pen)’ at a point P lies in the surface containing the 
curves C; and C; through P,* and hence can be written as a linear combina- 
tion of the vectors and 


(10) — pen)? = + 
From (9) and (10) we conclude 


THEOREM 1. The hypersurfaces S;, are equidistant with respect to the 
curves Cy if and only if the vector which is the difference between the associate 
curvature vectors of the curves Cy and Cy with respect to one another lies 
always along the curves Cr for h=1, 2,---,n; 


In particular, if all the congruences of curves Cr, (h=1, 2,°° °,0; 
hk), are parallel with respect to the curves C;,, and if the curves Cz are 
parallel with respect to all the congruences of curves Cr, then the hyper- 
surfaces S;, are equidistant with respect to the curves Cx. 

From (9) also follows 


THEOREM 2. A necessary and sufficient condition that the hypersurfaces 
of each family be equidistant.with respect to the congruences of curves not 
contained in them is that the associate curvature vectors of each two con- 
gruences of curves with respect to each other be identical. 


As a corollary, it follows that if the curves of each congruence are 
parallel with respect to the curves of every other congruence, then the hyper- 
surfaces of each family are equidistant with respect to the congruences of 
curves not contained in them.t 


3. Distantial spread of one congruence of curves with respect to a second 


* Struik, Grundziige der mehrdimensionalen Differentialgeometric, 1922, p. 53. 

+ This corollary has been proved directly by Corbellini, “Di una classe di varieta 
caratterizzate per mezzo del parallelismo,” Rendiconti della Reale Accademia dei 
Lincet, ser. 6, vol. 4 (1926), p. 94. 
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congruence. Let us suppose, as before, that we have n independent congruences 


of curves Ch, (hk =1,2,---+,n), with unit tangent vectors Aa)‘, which are 
the curves of intersection of n independent families of hypersurfaces S;, 
fu(a*, +, 2") = cx, the curves C; being taken as the transversals of the 


hypersurfaces Sy. 

On each of the two-dimensional surfaces determined by the n-2 equations 
fi=ci, k), there are, then, oo? curves C;, defined 
by the equation cn, and curves Cy defined by the equation fx, cx. 
Considering the curves C; and C; on an arbitrary but fixed one of these sur- 
faces, we form the logarithmic directional derivative in the positive direction 
of the curve Cr : fx = fx°, of the distance, measured along an arbitrary curve 
Cy, between the curve Cy; and a neighboring curve Cn: fx =fx° + Afz, and 
define the limit of this derivative when Af; approaches zero, as the distantial 
spread of the curves Cy with respect to the curves Cx. 

It is readily shown that this distantial spread is given by the formula 
(8) and hence is identical with the distantial spread of the hypersurfaces S; 
with respect to the curves C;, in the direction of the curves Cy. From (8) it 
follows that the curves Cn are equidistant with respect to the curves Cx, in 
that on everyone of the two-dimensional surfaces in question each two curves 
Cy cut segments of equal length from the curves C; if and only if the distantial 
spread of the curves Cy with respect to the curves C; vanishes identically. 

Since (9) is equivalent to (8), we have as the values of the distantial 
spreads of the curves C;, and C;, with respect to one another: 


cos On/ din == (Aifn)-* fn) ,4 *)- 


(11) 


Substituting the expression (10) in formulas (11), we find 


and hence 


(12) — = — (1/Bien) + Axe 


From this fundamental relation we obtain immediately the following 
theorems: 


THEOREM 3. If the curves of each of two congruences are parallel with 
respect to the curves of the other, then the curves of each congruence are 
equidistant with respect to the curves of the other. 


THEOREM 4. If the curves of each of two congruences are equidistant 
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with respect to the curves of the other, then thetr associate curvature vectors 
with respect to each other are identical. 


THEOREM 5. If the curves of each of two congruences are equidistant with 
respect to the curves of the other, and tf the curves of one congruence of curves 
are parallel with respect to the other, then the curves of the second are parallel 
with respect to the curves of the first. 


Using Theorem 4 and remembering that the associate curvature vector 
of the curves C, with respect to the curves C; is orthogonal to the curves C4, 
we have the following result: 


THEOREM 6. If at each point P the associate curvature vectors of the 
curves of each of two congruences with respect to the curves of the other lie 
in the plane determined by the tangent vectors to the curves at P, then a 
necessary and sufficient condition that the curves of each congruence be parallel 
with respect to the curves of the other is that they be equidistant with respect 
to the other. 


4. Case of an orthogonal system of hypersurfaces. Let us consider a Vn 
admitting an n-tuply orthogonal system of hypersurfaces S;, cx, (k = 1, 
2,°*°*,n). The curves of intersection C, form an ennuple of mutually 
orthogonal normal congruences. 

Since pxn)*Ax\4 = 0, and since the directions of the curves C;, coincide with 
the normals to the hypersurfaces S;, we have fx),ivxn;4 0. Formulas (11) 
then become 


13 
1/bin = (Aifn)-* fn}, = 


Expressing the associate curvature vectors pax)4 and pxa;* in terms of the 
coefficients of rotation ypgr of the orthogonal ennuple of curves C;,, we have 


T,8 T 


Any = > Xs 15 = YerbAr|*, 


or 
(14) = — 
r 
Furthermore, 
r r 


The formulas for the principal normal of the curves Cx, 


= 
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(16) = — 
r 


and for the first curvature of these curves, 
(17) = & 
are special cases of formulas (14) and (15). 
From (14) we have the following result: 


THEOREM 7. A necessary and sufficient condition that the curves Ci be 
parallel with respect to the curves Cy ts that 


yrnk = 0, (r=1, 


As a special case of this theorem we have the condition that the curves C;, 
be geodesics : * 
yrkk = 0, (r= 1, 25° +, 


Formulas (14) through (17) and Theorem 7 hold for any orthogonal 
ennuple of congruences whatsoever. In this particular case, since the con- 
gruences of curves are all normal, the coefficients of rotation yrax vanish for 
values of r, h, and & all distinct. Hence formulas (14) become 


Putting these values in equations (13) we have 

(19) = = yrnn. 

Since yxn (which is the negative of ya) is the orthogonal projection on Ch 
of the first curvature vector of C;, we have 


THEOREM 8. The distantial spread at a point P of the curves Ch of a 
congruence with respect to the curves Cy of another is the negatwe of the 
orthogonal projection of the first curvature vector at P of the curve Cy on the 
tangent at P to the curve Cp. 


Formulas (18) can now be rewritten as 
(20) = (17 baw) *, pany? = Any’ 
Hence we conclude the following theorems: 


THEOREM 9. The absolute value of the distantial spread of the curves 
of one congruence with respect to the curves of a second is equal to the associate 


* Eisenhart, Riemannian Geometry, p. 100. 


= 
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curvature of the curves of the first congruence with respect to those of the 
second. 


THEOREM 10. If the curves of one congruence are equidistant with respect 
to the curves of another, then the curves of the first congruence are also parallel 
with respect to the curves of the second, and conversely. 


THEOREM 11. The associate directions of the curves of one congruence 
with respect to the curves of a second coincide with the direction of the latter 
curves. 


From formula (18) it follows that 
= 
Summing over h, omitting the value h —k, we have by formula (17) 


h 
Hence 


Considering this result from the point of view of the distantial spread 
of the family of hypersurfaces S;, with respect to their orthogonal trajectories 
Cz, we note that three properties are involved here: 


(a) The hypersurfaces S;, equidistant with respect to the curves C,. 

(b) The curves C;, geodesic. 

(c) The curves Cr, (hk =1, 2,- + -+,n; hk), parallel with respect to 
the curves Cx. 

From (21) we have 


THEOREM 12. If one of these three properties is valid, then so are the 
other two.* 


5. Oblique system of hypersurfaces. We return to the general case when 
the n families of hypersurfaces are not orthogonal, and introduce the notation 
1/pm for the projection of the associate curvature vector pax)? on Ax;*. Multi- 
plying equation (12) first by gijAx)/, and then by gijAn)/, summing over 4 and J, 
we obtain the relations 
1/pux = 1/bnx — cos Dra, 


22 
( ) 1/pxr == — COs On 1/Dxn, 


* This result for the case when property (b) is given is not new. See Eisenhart, 
loc. cit., p. 57. Such families of hypersurfaces are said to be geodesically parallel. 
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where Qn is the angle between the curves Cy and Cy. Solving these two 
equations for 1/bj, and 1/bxa, we find 


sin? /Onx = 1/pnx -|- cos 


(23) 
sin? / ben = CoS 1/pen. 


These results show that we have to deal with the following four properties 
of two congruences of curves: 


Curves equidistant with respect to the curves Cy: = 0. 
Associate direction of the curves Cy with respect to the curves C; 
(A) orthogonal to the curves Cy : = 0. 
Curves C;, equidistant with respect to the curves Ch : 1/bin==0. 
Associate direction of the curves Cx with respect to the curves Ch 
orthogonal to the curves Cr : 1/pin==0. 
From equations (21) and (22) we conclude: 


THEOREM 13. Two non-orthogonal congruences of curves which have any 
two of the properties (A) have the other two also. 


The curves C;, and C; may form an orthogonal system of curves without 
the families of hypersurfaces being an n-tuply orthogonal system. For such 
curves we have: 


THEOREM 14. Two orthogonal congruences of curves having one of the 
first two properties (A) and one of the last two have all four properties. 


Finally we have 


THEOREM 15. If the distantial spreads of the curves of each congruence 
with respect to the curves of the other are equals or negatives of each other, 
then so are the projections on the curves of each congruence of the associate 
curvature vectors, with respect to those curves, of the curves of the other 
congruence, and conversely. 


Using the quantities 1/pn and 1/pxn we can express the components of 
the associate directions as follows: 


24 
sin? = (1/pen) Anji — (COS Qnx/ Pun) + 4, 


Where = is the common component of the associate directions 
orthogonal to the plane of and 


RADCLIFFE COLLEGE. 


ON A RATIONAL SURFACE OF ORDER 12 IN 9-SPACE AND 
ITS PROJECTIONS. 


By B. C. Wonca. 


1. Introduction. The quadratic transformation * 
(1) [1, j= 1,2, 3, 4] 


where 2, 22,3, %, are the homogeneous codrdinates of a point of a 3-space 
Ss; and 2;,° * *,2%s4 are those of a 9-space S, transforms the points of 8; 
into the points of an octavic variety V,° of order 8 and dimension 3 in Qs. 
To a plane of S; corresponds a Veronese quartic surface + lying on V,° and 
to a quadric surface of 8; corresponds a section of V,° by a hyperplane of Sj. 
Of interest is the surface 6'* of order 12 on V;° which corresponds to a general 
cubic surface F* of S;. It has 27 conics whose relative positions can best be 
studied by reference to the relative positions of the 27 lines on F*. By repre- 
senting F* upon a plane ¢ by means of the o* cubic curves through six 
general points P,, P.,- - +, P. of ¢, we see that '* can be represented upon 
¢ by means of the o° sextic curves with six nodes at P, [A—1,2,:--,6]. 

If we let (y:: Y2: Ys) be the codrdinates of a point of @ and 
(pi™ : po™ : ps) be those of the six points P,, we may take the equations 


8 
fi(yr Ys) =X Uximyxyiym = 0 [i —1, 2, 3, 4] 
1 
_ where 
p2™ ° ps3) aa 0 
to be the equations of four general cubics of the o*-system | c*| of cubics 
passing through the six points P, in ¢. Then the equations 


are those of the cubic transformation which transforms a point of ¢ into a 
point of F*. They are the parametric equations of F*. 


* This transformation was mentioned in B. C. Wong, “ A hypersurface of order 2r-1 
in r-space,” American Journal of Mathematics, vol. 54 (1932), pp. 293-298. It was used 
by W. G. Welchman in his paper, “On elliptic quartic curves with assigned points 
and chords,” and by J. A. Todd in his paper, “ Some enumerative results for elliptic 
quartic curves,” Proceedings of the Cambridge Philosophical Society, vol. 27 (1931), 
pp. 20-23 and 538-542 respectively, to solve certain problems on elliptic quartic curves. 

¢ Bertini, Projective Geometrie Mehrdimensionaler Réume (1924), Chapter 16. 
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Now the equation of a general sextic curve of the «%-system | c*| of 
sextic curves having the points P, for nodes is of the form 


4 
x Aisfifj = 0. 


This sextic c® has for image in §, the sextic curve C* in which F* is met by 
the quadric surface 


4 
> 0. 
1 


Now corresponding to C* is the curve I“? of order 12 which is the intersection 
of 1? and the hyperplane 


> = (), 
1 

Then I? is the image of c°* in # under the correspondence, whose equations are 


= fifj. 


These are also the parametric equations of #1. 

If we now project ¢'* from a general 5-space of S, upon a 3-space, in 
particular the 3-space 9S; containing #*, we have for projection a surface ®’!? 
which is represented upon ¢ by the sextic curves of a certain oo%-system 
|c° |’ of | c®|. If the center of projection is in a particular position relative 
to 6'”, the projection will possess particular properties or will be of lower order, 
say 12—yv. The properties of these different projections can be described 
without difficulty. The question arises as to how to choose the center of 
projection so that the curves of | c* |’ will be the Jacobians of the nets of 
cubies of | c*|. If the selection is properly made, the surface ’!? will be 
reciprocal to F*. The sextic curves C*, which are the images of the curves of 
| c° |’ under the transformation (2) and which have for images under the trans- 
formation (1) the sections of @'* by the hyperplanes of S, through the center 
of projection, will be the intersections of F* and the polar quadric surfaces of 
all the points of S; with respect to F’. 

In what follows we shall, after describing very briefly some of the various 
projections of ©'*, determine the 5-space S; for center of projection so that 
the projection ©” will be reciprocal to F*. Then, as a special case, we shall 
obtain the Steiner’s quartic surface from the ** corresponding to the four- 
nodal cubic surface in S;. Finally, we shall obtain from the same © a 
surface reciprocal to a certain nonic surface whose equation is 
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2. Properties of ®'?-”. If the 5-space S;, the center of projection, has 
v [0O=v=6] general points in common with the ®? corresponding to a 
general cubic surface F* of 8;, the projection of ®'? is a surface ©?” of 
order 12—v. It has a double curve of order b = (v? — 21v+ 102) /2, 
j =42—¥4 pinch points and ¢t = (10 —v)(9—v) (8 —v)/6 + 3(v—7) 
triple points. It is of class m = 33 for all permissible values of vy. If v0, 
then, for #7, b = 51, 7 = 42, and t=99. Now let S; be incident with p» 
planes, each containing a conic of #'*, and keeping yO we see that the 
double curve is composed of a curve of order 51 —~yp and yp lines on each of 
which are two of the 42 pinch points. 

Now let S; contain a conic of ®'* and have Y [0/3] general 
points in common with ®'*, and we have for projection a surface #’~” 
of order 7—y and class 20 on which lies a double curve of order 
b = (/?— 11r’ + 26)/2. There are j;—4(4—v’) pinch points and 
t= (2—v’) (3 — (7— v’) /6 triple points. For —3, we have the 
familiar rational quartic surface with a double line.* If 8; contains two 
non-intersecting conics of ®'*, then the projection is a quadric surface; but 
if S; contains two intersecting conics, the projection is a quartic surface with 
a double conic. Finally, if S; contains an elliptic sextic curve of ’? or 
contains three conics of ®'? which are incident in pairs, the projection is a 
general cubic surface. 

The results above can be verified easily by considering the representation 
of each of the projections upon the plane ¢ or by means of known formulas 


concerning rational surfaces.{ 


3. The determination of S; so that 6? will be reciprocal to F*. Denote 


the 27 conics on by the symbols -, B1,° Be, 
in conformity with the double-six notation De, 
C12, Cis,* °°, Cs for the 27 lines on F*. The 27 conics are such that each 


intersects 10 others each in one point and that they all form 45 triples, the 
members of each triple being incident in pairs. The planes of non-incident 
conics are skew. 

Consider, in particular, the conic yij. It intersects yg: in the point 
yer and ymn in the point yij*ymn [tA while yu 
intersects ymn in the point yx1*ymn. Denote the plane of these three points 
by (yii*yrt*‘ ymn). By permuting the subscripts we obtain 15 such planes. 
Now yi; intersects the conic a in a point yij~«; and the conic 8; in a point 


* Jessop, Quartic Surfaces, Cambridge Press, 1916, Chapter VI. 
{ Ibid., Chapter IV. 
¢ Cayley, Collected Mathematical Papers, vol. 8, pp. 388-393. 
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While a; and intersect in a point a;-Bj. Denote the planes of 
these three points by (yij:%:°8;). Thus, we get 30 planes of this type. 

Now the points on each of the 27 conics corresponding to the points on 
each of the 27 lines of F*, where the planes through the line are doubly tangent 
to F*, are paired in involution. To the involution on yi; belong the three 
pairs of points yij* yur, Yas" Yom; Yin and also 
the two pairs yij* %j, Bi. The lines determined by all 
these pairs are all concurrent at a point Cij;, the center of involution. In a 
similar manner we obtain the centers Cx: and Cm of involution for the 
conics yx: and ymn respectively. These three points Cij, Cxi, Cn lie on a 
line which may be denoted by Cij°Cxi*Cmn and this line lies in the plane 
(yij‘yk1*Ymn). There are 15 such lines. Let the centers of involution 
on the conics «;,8; be denoted by Ai, By; respectively. The three points 
Ci;, Ai, Bj lie on a line Ci;:A;-.B; of the plane (yij-@;-8;). There are 
30 such lines. 

The 27 points A;, Bj, Ci; and the 45 lines just obtained form a con- 
figuration such that each point is on five lines and each line contains three 
points. Now we wish to show that this configuration lies completely in a 
5-space. Consider two skew lines, say Ci2°C34°Cse and Cas, of 
the configuration. 'They determine four other lines, namely, Ci2° C4s6° C35, 
Cos, Cre, Cre. All these six lines lie in a 3-space 
S;. Now choose a line through one of the nine points already in 83, say the 
line Cog C45 which meets in the point Ci2. This line determines with 
S, a 4-space S,. Now it is easy to see that this 9, contains all the 15 lines 
of the type But the line Bs, having the point Ci. 
in common with S,, determines with it a 5-space S;. In this 9; are obviously 
the lines C,,° Ai: Bs, Bi, O14* Bs, and the rest of the 30 lines 
of the type Ci; Ai: Bj. 

This is the very S; we have been seeking. Taking it as the center of 
projection, we see that the 27 double lines on the projection #7? come from 
the 27 conics of ®'* and that the 45 triple points come from the 45 triples 
of points on of which 15 are of the type yet, yij Ymn and 
30 are of the type yij* %, yis* Bj, %* Bj. There is no need of describing the 
properties of ”!? as they are already familiar.* 


4. The Steiner’s quartic surface. As a very special case we consider 
the @!? in 8, corresponding to a four-nodal cubic surface F*. Let F* have 
the equation 


*Salmon-Rogers, Analytic Geometry of Three Dimensions, 5th ed., vol. 2, Chapter 
XVIIa. 
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1/z, + 1/2. + 1/23 + 1/4, 0 


or the equations 


where 


Yi + Y2 + Ys + ys =0. 


The base points of the cubic curves of representation in ¢ are the six vertices 
of the quadrilateral y2, ys, ys. Regarding 


yoysys = 0, 
fo = = 0, 
fs=Ysyi¥2 = 0, 
fa =NY2Ys = 0 


(3) 


as four independent cubics of the o*-system | c* |, we have 


(4) x = + + Yo" + 
+ + ArsYsY2 + 
+ + Assy i¥s + AisYo2Ys) = 0 


for the equation of the o*-system | c*| of sextics having nodes at the base 
points of | c*|. The equation of ®'* may be written 


= 1/YiY}. 
Now it is easy to see that @'? has four conical points given by 
Cui = Lig = 0 j= 3, 2, 3, 4]. 


Projecting ©'* from any 5-space containing these four conical points upon 8s, 
we obtain a Steiner’s quartic surface. But we wish to project from a particu- 
lar 5-space so that the projection will be the exact reciprocal of F*, that is, 
will have the equation 


There are nine conics on ©? of which six intersect three by three on 
the conical points and the remaining three are incident in pairs. Denote 
the first six conics by B12, Bis,° * *, 8s. where Bi; passes through the conical 
points 


= 1, Vig = — Mer = 0) and —1, = — = 0) 


and the other three by y1o,s4) y1s,42) Where is incident with Bij 
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and 6x1. The points on each of these three conics, corresponding to the points 
on each of the three coplanar lines of F* not passing through the nodes where 
the planes through the line are doubly tangent to F*, are paired in involution. 
Let C12,s4, C1s,42, be the centers of involutions on the conics 
713,42, Y14,23 Tespectively. They have the codrdinates, as a little computation 
will show, 


—1: —1), 


These three points evidently lie on a line. Now the 5-space containing 
the four conical points and this line is the S; we desire to have for center of 
projection. Every hyperplane through this S; has an equation of the form 


(5) + A + + A + = 0 


where 


Ais + Ass Ais + Axe Ax + 
Now let 


Ayo: Aga: Aig : Ago : Arg: Acs 
= + Ug Ut Ue Ug + Ue Uy + Ug Ug + Us Uy + Uy 


and equation (5) becomes 


(us + Us) (1 U2) + (ts U2) (uy Us) 
+ (U2 + Us) + (tr + Ua) = 


Putting these values of the coefficients and also Ai; 0 in equation (4), 
we have, after reduction, 


+ + UsY3" + UsYs" = 0 


for the equation of the Jacobians of the nets of the oo*-system | c*| of cubic 
curves representing the four-nodal cubic surface 7°. These Jacobian conics 
represent the plane sections of the Steiner’s quartic surface whose equation 
is evidently 

+ 2,4 + + =0. 


5. The ©? reciprocal to a certain nonic surface. The totality of cubic 
curves in the plane ¢ may be taken to represent the normal rational surface 
F° in §,. Projecting F® from a certain Ss upon Ss, we obtain a surface PF” 
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which may be represented upon ¢ by the system of cubic curves given by the 
equation 
+ + + = 0, 
where 


and therefore has the equation 


Consider again the '* corresponding to the four-nodal cubic surface F’. 
In order to obtain a Steiner’s quartic surface for projection we took for center 
of projection an S; containing the four conical points of ®'?. Now suppose 
we take for center of projection the 8; determined by the six vertices other 
than X;; of the codrdinate simplex given by the coordinates 


Ci = 0, Lik = M1 e='(), 
The o* hyperplanes through this 8; have for equation 
+ + + = 0 


and the Jacobian sextic curves of the nets of the o«*-system of cubic curves 
given by (6) have for equation 


+ A22/Y2" + As3/Y3" + Aags/Ys? = 0. 


These sextics are the curves of representation upon ¢ of the projection ® 
of &' reciprocal to F”®. The equation of ©”? is evidently 


+ + + = 0. 


The properties of F’® have been studied recently by A. R. Williams * and 
those of ©”? can be easily deduced either by dualizing F”® or from its 
representation upon ¢. 


UNIVERSITY OF CALIFORNIA. 


*“ Analogues of the Steiner surface and their double curves,” Bulletin of the 
American Mathematical Society, vol. 39 (1933), pp. 621-626. 
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REDUCIBLE EXCEPTIONAL CURVES OF THE FIRST KIND.* 


By S. F. Barser and Oscar ZARIsKI 


Introduction. In a birational transformation between two surfaces to 
certain curves of one of the surfaces may correspond simple points of the other. 
Such curves have been called exceptional curves. Exceptional curves have been 
subdivided into those of the first or second kind according as a point of the 
curve is not or is transformed into a curve of the other surface. The ones 
previously considered have either been irreducible or consisted of at most two 
components. A treatment of reducible exceptional curves with components 
all simple is found in (*, Chap. II, 6). We shall consider exceptional curves 
of the first kind with s irreducible components, each counted a certain number 
of times. This case arises when the birational transformation possesses in- 
finitely near fundamental points on one or several irreducible algebroid 
branches. 

In the sequel we shall use some fundamental notions of linear systems of 
curves on an algebraic surface and the theory of singularities as developed by 
Enriques (°, pp. 327-399). 

Sections 1 and 2 of this paper are devoted to definitions and the deriva- 
tion of the virtual degree and genus of an exceptional curve of the first kind ; 
the presentation here is parallel to but more complete than that found in 
(*, Chap. II, 6). In sections 3 and 4 we introduce s fundamental points of 
the birational transformation, mentioned above, on that surface where the 
given exceptional curve has been changed into a point, and limit ourselves to 
the case in which these fundamental points lie on a single irreducible algebroid 
branch. In 5 we consider the correspondence between the irreducible com- 
ponents of the given curve on the one surface and the immediate neighborhood 
of each of the fundamental points on the other surface. In 6 we determine 
the multiplicities of these fundamental points on branches of lowest order 
passing through the first « (as) of them. In 7 we describe the inter- 
sections of the irreducible components of the given exceptional curve, using 
extensively the notion of proximate points introduced by Enriques in his 
theory of singularities (*, p. 881); in 8 we study the classification of the s 
fundamental points as free points or satellites when the intersection numbers 


* Presented to the Society, March 30, 1934. 
National Research Fellow. 
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of the components of the exceptional curve are known. In 9 we extend to 
reducible exceptional curves of the first kind the characterization of irreducible 
exceptional curves of the first kind as found in (*). Finally in 10 we consider 
the situation when the fundamental points lie on several irreducible algebroid 
branches. 


1. Definitions. Let F be an algebraic surface in Sp, free from singularities, 
and let & be a linear system of curves C on F’, of dimension r. We shall say 
for brevity that a curve LZ on F, irreducible or not, is a total fundamental 
curve of 3%, if Z is a fixed component of a linear subsystem, oo, of & and 
if the curves of this subsystem do not have other fixed components outside L. 
We shall adopt the following 


Definition. (*, Chap. II, 6). A curve L on F ts an exceptional curve if 
there exists on F a linear system & of curves C such that 
(i) 3% is irreducible, simple, of dimension r = 3; 
(ii) JZ is a total fundamental curve of &; 
(iii) The o** curves C,, which together with L give total curves of %, form 
a linear system %, of effective degree one less than the effective degree of &. 


We recall that the effective degree of a linear system is the number of 
variable intersections of two curves of the system. If the system is of dimen- 
sion 1, its effective degree is =r—41. It follows that the system 3%, is 
necessarily irreducible, since by (ii) it is free from fixed components and by 
(i) (r=3) and (iii) it is of positive effective degree and therefore cannot 
be composed of the curves of a pencil. 

If it is possible to find the above system = in such a manner that it should 
have no base points on L, then L is called an exceptional curve of the first kind. 
If this is not possible, Z is called an exceptional curve of the second kind. 

If we refer the oo” curves C' of & to the hyperplanes of an S;,, we obtain 
in S, a surface F birationally equivalent to F, since § is simple. This surface 
is of order n, where n is the effective degree of 3%, and its hyperplane sections C 
correspond to the curves ( of 3. In this correspondence to the subsystem 
>, +L of & there corresponds the system of hyperplane sections of F on a 
fixed point O of S,. This point O is on F, since the effective degree of %; is 
less than the effective degree of 3, and is a simple point of F, since by (iii) 
two hyperplane sections of # on O have n—1 variable intersections. Thus 
in the birational correspondence 7 between F and F the curve L (irreducible 
or not) is transformed into a simple point O of F (a fundamental point of T*) 
and this is in agreement with the usual definition of an exceptional curve. 


aa 
3) 
| 
t i 
ral 
| 
| 
i 
i 
ft 


REDUCIBLE EXCEPTIONAL CURVES OF THE FIRST KIND. 121 


It is one of the purposes of this paper to study the nature of the correspondence 
between L and the neighborhood of O when JL is reducible. 

The fundamental points of 7 (on F’) are at the base points of 3. Hence 
an exceptional curve L is of the first or of the second kind (see above defi- 
nition) according as it is or is not possible to transform LZ into a simple point 
of a surface /’, birationally equivalent to F, in such a manner that no point 
of L is at the same time transformed into a curve of F. 

In the sequel we shall be concerned only with exceptional curves of the 
first kind. We observe, however, that the properties of exceptional curves of 
the second kind can be deduced from those of the first kind. In fact, it is 
always possible to transform birationally F into a surface / in such a manner 
that the transformation should possess no fundamental points on F and that 
to % there should correspond on F a linear system 3, free from base points. For 
this it is sufficient to refer the sections of / by hyperquadrics on a base point 
of & to the hyperplanes of .a linear space and to apply this procedure suc- 
cessively to the transformed surfaces until all the base points of % disappear. 
To the exceptional curve Z there will correspond on F an exceptional curve L 
of the first kind. However, in general L will consist of the transform proper 
of Z and of the fundamental curves of the transformation on F, arising from 


the base points of %. 


2. The virtual characters of an exceptional curve of the first kind. 
Theorem 1 (*, Chap. II,6). Jf L is an exceptional curve of the first kind, 
then (L?) =—1 and [L] 0.* 


Proof. Let H denote the set of effective base points of 3. We have 
(C-L) =((C,+L)-L) =0, since L, a total fundamental curve of %, does 
not have variable intersections with a C and since no base point of & is on L. 
Consequently (C,-L) =— (L*). Now C,+ ZL is the limit of an irreducible 
curve C' and hence (’, and Z must have at least one point in common (Principle 
of degeneration of Enriques*). It follows that (C,-L) >0 and hence 
(L?) <0. We also havet n = (C?)y = + 2(C,° L) + 
= (C,?)n— (L*). From the hypothesis that the effective degree of %, is 
n—1, it follows that (C,?)n =n—1,f and that consequently (Z?) =—1. 


* (L*) is the virtual degree, [L] the virtual genus. In evaluating these characters 
of L, we consider L as virtually free from base points. 

+ (CO?) ,, denotes the virtual degree of O with respect to the assigned set H of base 
points, in this case the effective degree of =. 

tThe set of effective base points of 2, certainly includes H, since 0,+4+L=0. 
A priori we cannot exclude the possibility that 2, may possess accidental base points, 
whence the necessity of using the inequality sign. 
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It follows that (L?) ——1 and incidentally 
(1) (C2)n—n—1; 


We observe that from (1) it follows that H is also the set of effective base 
points of 3, and hence [C,]x gives the effective genus of C;. Since the curves 
C, correspond to the hyperplane sections of F on a simple point O, it follows 
that Furthermore 


[Clu [Ci]z + [LZ] (C; L) [Z]. 


Hence [L] = 0, q. e. d. 

The exceptional curve Z may be reducible and some of its irreducible com- 
ponents may occur in ZL to a certain multiplicity. Let then L = k,L, + kL, 
where L,, -, Ls are the distinct irreducible components 
of Z and where k,, k2,- - >, ks are positive integers. From (2) it follows that 
C, intersects one and only one of the components L; and that this must be a 
simple component of Z. Choosing our notation properly we may assume that 


(3) (C,-L,) =1, (C,-Li) (4== 2,---,8), 
(3’) k,=1. 

Since (C-L;) =0 (t—1,: - -,8), it follows that 

(4) (L:L,)=—1, (L:Li) =0 2,°-°,8), 


all curves L; being considered as virtually free from base points. The relations 
(4) can be rewritten as follows: 


(5) 


We observe that the curve LZ, + L,+----+ DL, must be connected, i.e. 
it cannot be represented as the sum of two curves having no points in common. 
This follows immediately from the fact that C, meets only the curve L, and 
that C,-+ Z is the limit of the irreducible curve C. Since (Li- L;) 20, 
if 1547, and since, by the preceding remark, for a given value of i one at 
least of the intersection numbers (L;-L;), 154 j, must be positive, it follows 
from (5) that the virtual degree (L;?) of any component L; of L is negatwe. 


(2) (C,-L) =1. 

| 
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Applying the well known formula for the virtual genus of a reducible 
curve, we find 


[L] — + —1)/2] (La)? 
+ (1/2) Ls) — +1, 


xij 
where pp [Li]. By means of (4) or the equivalent relations (5) this 
expression of [Z] can be simplified: 


[L] (1/2) > — Zhe +1. 


Since by Theorem 1 we have [ZL] —0O and since k, 1 we arrive at the 
following relation : 


3. The fundamental points in the first neighborhood of O. We now 
proceed to study the system %,, the residual of = with respect to L. By (3) 
the curves [.,- - -, LZ, are fundamental curves of %,. On the contrary L, is 
not a fundamental curve of 3;, since (C,-Z,) —1, and since the intersection 
of C, and L, cannot be a fixed intersection, because by (1) the effective base 
points of 3, coincide with those of & and are all outside Z. Let us assume 
for the sake of generality that Z,-+----+ LZ, consists of several connected 
curves L, [,- - - L@, having two by two no points in common (maximal 
connected components of Z,-+---+L,). Each ZL is then itself a funda- 
mental curve of 3,. Let us consider for instance LZ“ and let us denote by 3, 
the residual system of 3; with respect to L. Let Cz denote a generic curve 
of 32. What are the possible fixed components of 3? J, is not a fixed 
component since it is not fundamental for 3,. Neither can any component 
of L, +> 1, be a fixed component of In fact we have 
= ((C, + - LZ,) =1, and since -LZ,) >0 (the curve L, +---+ Le 
is connected), and (C,-Z,) cannot be negative, it follows that (C.-L) =0 
and incidentally that 
(7) (L™ - = 1, 


If any component of ZL‘, i > 1, were a fixed component of 3, then the whole 
curve L‘) would be a fixed component of %., since it is a fundamental curve 
of 3,. We would have then C, = L“ + and =— -L,) <0, 
and this is impossible since L, is not a fixed component of 3p. 

Thus the only possible fixed components of 3, are either the irreducible 
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components of Z® or irreducible curves which are not components of L. 
We can, however, avoid this second possibility by replacing the system 3%, 
by the system &, which corresponds on /’ to the system cut out on F by the 
hyperquadrics (instead of by the hyperplanes) passing through the funda- 
mental point. O. This system = contains all the reducible curves C + (,, 
and it is obvious that the preceding conclusions apply as well to 3 as to 3. 
The curves of =“ which contain L as a fixed component do not automatically 
possess other fixed components which are not components of LZ, since among 
these curves we find in particular the curves L + 2C,. We conclude that the 
system =, just defined, possesses a total fundamental curve of the type 


(8) L® == LD, + +: he OLy (s’<s), 


where and where - ke are positive integers. 
In a similar manner the remaining maximal connected components L?,---, 
of L,-+- - Lg give rise to total fundamental curves L,- - -, of 3%, 
where L‘* is made up of the irreducible components of L“’, each counted to 
a proper positive multiplicity. 

We have seen before that the curves C, of 3; meet L,; in one variable point. 
These curves correspond to the hyperplane sections of F on O. The curves (; 
passing through a fixed point of L, form a subsystem of 3, of effective degree 
less than that of %,, and hence correspond to the sections of F by hyperplanes 
through O and through another point O, of F, at finite distance or infinitely 
near O. However, the point O, cannot be at a finite distance from O, since 
L does not carry fundamental points of the birational transformation between 
F and F and therefore to every point of the curve LZ there corresponds an 
unique point of #. This point must coincide with( or be infinitely near) 0, 
since the curve L is carried by the transformation into the point O. It follows 
that the curves C, on a fixed point of Z, correspond to the hyperplane sections 
of F passing through O and touching there a fixed tangent line of F. Since 
the curves C; meet L, in only one point, which varies as C,; varies in 1, 
it follows that there is a (1,1) correspondence between the points of L, and 
the tangential directions of # at O. The irreducible component L, of LZ thus 
corresponds to the first order neighborhood of the point O on F. Incidentally 
this shows that L, is a rational curve. 

We can be more precise and show that not only is Z, a rational curve but 
that L, is free from multiple points, i.e. p; = [LZ,] —0. The system 3, cuts 
out on LZ, If LZ, had a point of multiplicity > 1, the subsystem of 
through this point would then contain Z, as a fixed part, and this is im- 
possible, since L, is not a fundamental curve of 3. This property extends 


REDUCIBLE EXCEPTIONAL CURVES OF THE FIRST KIND. 125 


similarly to the curves L; (t= 2,--+,s). In fact, it will be shown in the 
‘next section that any curve (t= 1,2,- --,s—1) plays the role of Ly 
for a conveniently defined exceptional curve L‘ of the first kind [formula 
(16)]. Hence —0 (i =1,2,- --,s), and (6) becomes 


(6’) (Li?) + 2] = 1. 


The above considerations apply to the system 3% as well as to 3,. Let 
C™ denote a generic curve of 3%. We have C” =C-+ (C, and hence the 
following relations, similar to the relations (3), hold: 


(9) (C-I,) =1, (OM-L;) =0 (i= 


The curves C? meet LZ, in one variable point, and those which pass through 
a fixed point of L, correspond to the sections of # by hyperquadrics passing 
through O and touching there a fixed tangent line of #. Let us now consider 
the curve L, given by (8). In view of (7), L™ meets ZL; in one point, 
say P™, Let 0, be the point of Ff, infinitely near O, which corresponds 
to P®, The curves C® of %™, which are constrained to pass through P, 
necessarily contain the whole curve LZ’, since L® is a fundamental curve 
of 3%, The residual system, which we shall denote by 3,%, is irreducible, 
since it does not possess fixed components (LZ is a total fundamental curve 
of 3) and is not composed of the curves of a pencil (the system 3,“ 
contains partially the system =). Moreover 3,‘ is of effective degree one 
less than that of =, since the curves of ,“ correspond to the sections of F 
by the hyperquadrics through O and O,. Hence L 1s itself an exceptional 
curve of the first kind. In the birational correspondence between F and F 
to the curve J, corresponds the point 0, infinitely near O. The exact 
nature of this correspondence is yet to be investigated. 

In a similar manner it can be proved that the other total fundamental 
curves - -, of are exceptional curves of the first kind and 
that they correspond to points 0,°, 0,,- --,0, on F, infinitely near 
and in the first neighborhood of 0. 

The points 0,™,0,,: - are distinct. In fact, the point 0, 
corresponds, in the (1,1) correspondence between the directions on F about O 
and the points of L,, to the intersection P™ of L@ or, what is the same, 
of L@ with Z,. These intersections P™, P,---,P™ are distinct, since 
the curves L, Z,- - -,£@ have two by two no points in common. 

We now prove that (7) can be replaced by the stronger relation: 


(10) -I,) =1. 


if 
if 
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In fact, if C,% denotes a generic curve of 3,%, so that CY =C,™ + L%®, 
then it follows from (9) that (2, = — L™) 
—1—(L,-L). Since (Z,-Ci:™) =0 and (L,-L%) > 0, (10) follows. 
We also have incidentally 

(10’) Ly) =0. 


Similar relations hold for L®, L®,---,L@. 


4. The successive fundamental points O,0,,- - -,Os-1 of T. The points 
0,%,0,,- + -,0,, defined in the preceding section, are clearly to be con- 
sidered as fundamental points, infinitely near O, of the birational trans- 
formation between F and Ff. The considerations of the preceding section also 
show that the presence of two or more distinct fundamental points on F in the 
first neighborhood of O corresponds to the case in which the curve L2-++- - -+ LD, 
is not connected and consists of two or more maximal connected components. 
If then we wish to consider first the simplest case in which there is only one 
fundamental point infinitely near and immediately following O, we must 
assume that L, + - --++ is connected. Let us make this assumption. Then 
the system = possesses a total fundamental curve ZL” of the type: 


(11) = hy Ly + Lg hep Le, 


where k,, k,™,- - -, ks are positive integers. The fundamental point on 
F, infinitely near O, will be denoted by 0:. We may apply to the system 
= and to the exceptional curve ZL“ the results derived in section 2 for % and 
L. Thus, choosing properly our notation, we have the following relations, 
analogous to the relations (3), (3’) and (4): 


(12) = 1, Li) = 0, (1 = 
(12’) 1; 


The system 3% corresponds to the sections of F by the hyperquadrics 
on O, and the system 3,‘ corresponds to the sections of F by the hyper- 
quadrics on O and O;. Let us transform birationally F into a surface F, by 
referring the above hyperquadrics on O to the hyperplanes of a linear space. 
There arises a birational transformation 7’, between F and F, in which to the 
system %‘ corresponds the system of hyperplane sections of F,. In the 
transformation between # and F,, which is locally quadratic at O, the first 
neighborhood of O is spread out into the points of a straight line; to the point 
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(direction) O, there will correspond a point 0’, of this line, and it is clear 
that the system 3,‘ goes into the system of hyperplane sections of #, through 
0’,. For the birational transformation 7’, between F and F,, the system 3‘ 
and the exceptional curve LZ“ play the same rdle as } and L played in the 
transformation 7’ between F and F. If s > 2, the transformation T, will 
necessarily possess on F, fundamental points infinitely near O’, and hence 
the transformation 7 will possess on # fundamental points in the second order 
neighborhood of O. The number of these fundamental points equals the 
number of maximal connected components of the curve Z3-+-::-:+ Ls. 
Again, if we wish to consider the simplest case in which 7’ possesses on FP 
only one fundamental point O02 in the second order neighborhood of O, we 
must assume that +--+ Ls is connected. 

Considering the system 3%‘) which corresponds on F to the sections of 
F, by the hyperquadrics on 0’, (this system contains all reducible curves 
+ C,™) and assuming that Z,;-+-- +--+ Ls is connected, we have that 
>‘ possesses a total fundamental curve of the type 


and that ZL‘? is an exceptional curve of the first kind. If 3,‘ denotes the 
residual system of 3‘? with respect to L‘ and if CO’ and C,@) denote generic 
curves of 3‘? and 3, respectively, then, with a proper choice of notation, 
we have the following relations similar to (12), (12’) and (13): 


(14) =0 (i=4,--+,8); 
(14’) —=1; 
(15) (L® Ly) (L®- 14) 


If s > 3 the transformation 7’ between F and F possesses on F funda- 
mental points in the third order neighhorhood of O (arising from fundamental 
points of 7, on #, in the second order neighborhood of 0’,) and there is but 
one such fundamental point if and only if L,-+~- - - + Lg is connected. 

The general procedure is now straight-forward and serves to define the 
fundamental points of 7 on F in the 1st, 2nd,- - -, (s —1)-th order neigh- 
borhoods of O. We assume at present that each fundamental point O, in the — 
i-th neighborhood of O (i < s—1) is followed by just one fundamental point 
Oi. in the neighborhood of orderi+-1. With these assumptions, 7’ possesses 
on F in addition to O other s —1 successive fundamental points 0,,° °°, Os-1, 
infinitely near O,, lying on one irreducible algebroid branch of origin O. 

We may define by induction the systems 3”, 3,‘”, the exceptional curves 
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L® (t=0,1,--+,s—41) and state their properties as follows. L is a 
total fundamental curve of &‘” and we have 


where the k’s are positive integers. %,‘ is the residual system of 3‘ (of 
dimension one less than 3‘) with respect to L“. We have the following 
relations, similar to the relations (14), (14’), (15): 


(17) k® 
(18) (L® 15 (LO = (ft +58). 


Here C“) and C,“ denote total curves of 3“ and 3,“ respectively. The 
curve Lisa + Le 1s connected. . The system ig the minimum linear 
system containing as total curves all reducible curves C“ + (,“. 

Let F; be the birational transform of the surface F obtained by referring 
the curves of 3%‘ to the hyperplanes of a linear space, and let 7’; denote the 
birational transformation between F and Fi (Po =F, 3 T,—T). 
The system 3,‘ corresponds by 7’; to the system of hyperplane sections of F; 
on a fixed point O;“”, while the curves of 3°") correspond to the sections 
of F; by the hyperquadrics through O;‘. It is clear that #;,, is a birational 
transform of /;, obtained by referring the sections of F; by the hyperquadrics 
through O;‘ to the hyperplane sections of F;,,. In this transformation, 
which is locally quadratic at O;“, the point Ove, corresponds to a direction 
about The points 0) =O, are the transforms 
of the s fundamental points O0,0,,---,Os-. on F by the above successive 
locally quadratic transformations and serve to define the position of the funda- 
mental points O, O,,- - -,Os-, on F on algebroid branches: every branch on 
F passing through O,0,,---,0; corresponds to a branch on F, passing 
through 

The following intersection formulas will be useful in the sequel and 
are obtained by applying the formulas (10) and (10’) to the exceptional 
curves L‘? ; 


(19) (L® =1; 
(19’) (0, =0 +,9—1). 


Remark. Our notation implies a definite ordering of the irreducible com- 
ponents L,,L.,---,L,. of L. From (19) it follows that each curve Li 
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intersects one and only one of the curves Liu,:+*,De. If Lise (a > 0) 
is the curve which JL; intersects, then (li Lisa) =1 and Lisg must be a 
simple component of L‘”. It does not, however, necessarily coincide with the 
simple component Li, as we shall see in the sequel. At any rate, all the 
intersection numbers (L;:-L;), 1347, are either 0 or 1. 


5. The correspondence between L; and the immediate neighborhood of 
0:1. It has been proved in section 3 that, in the birational correspondence T 
between J’ and F, the irreducible component L, of LZ corresponds to the first 
order neighborhood of the fundamental point O on F. In a similar manner, 
in the birational correspondence 7';_, between F’ and F;_, the irreducible com- 
ponent LZ; of ZL‘ corresponds to the first order neighborhood of the funda- 
mental point Off on F,_,. Hence, to a branch 8;_, on of origin 
and possessing at O\+» a princival tangent line distinct from the singular 
direction at O‘+*» (that direction to which there corresponds the point 0; 
on F;), there corresponds a branch y;-, on / meeting L; at point P;. The 
branch 8;-, arises, by the sequence of locally quadratic transformations applied 
to F,F,,- -, from a branch passing through O,0,,-- -,Oi-1 but not 
through O;. Hence we have the following 


THEOREM 2. To a branch on F, passing through O,0,,: + +, 
but not through Oj, there corresponds a branch yi-, on F meeting L;. As we 
approach on F the point O along such a branch ¥i-1 the homologous point on F 
approaches a point P; on Li. This point P; varies as the point on ¥i-1 which 
immediately follows varies. 


It will be noted that an apparent discontinuity arises as 7;-1 approaches 
a branch 7; passing through O, 0,,- - -,Oi-1 and O;. The branch y;, which 
corresponds to 7; on F’, is a branch meeting Li,, but not necessarily L;. The 
real situation is the following: as Yi-1 approaches a branch ¥;, the corre- 
sponding branch yi-. on F approaches a locus which degenerates into the 
curve and into the branch 

Another paradoxical circumstance is the following. We have seen that 
there is a (1,1) correspondence between the points of LZ; and the points on 
F infinitely near and immediately following 0,1. Among these points there 
is the fundamental point O;, and it seems natural to expect that the corre- 
sponding point on LZ; is a common point of L; and Li,,. However, this is not 
always the case, as it may well happen that L; and Li; do not intersect at all. 
We shall deal with the general case in the next section. Here an example may 
suffice. Let s—3 and let the fundamental points O,0,, O02 on F lie on a 
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cuspidal branch. The general results of the following section show that in this 
case we have: L2) =0, (L,:L3) =1, Ls) =1 
and incidentally (L,7) = — 3, (L.*) =—2, (L;*) =—1. Thus the curve 
L, does not meet L2, although there is a point on L, which corresponds formally 
to the direction 0 0,. This point is the intersection of LZ, and Lz. If we 
consider a branch on F' passing through this point and if we assume for 
simplicity that this branch is linear, we find that the corresponding branch 
on F passes triply through O and simply through O, and O02. 


6. The geometric significance of the coefficients ki. A branch ¥i-, on 
F of smallest order, passing through O,0,,- - -,Oi-+, arises from a linear 
branch 8;-, on F;_,, of origin see and possessing at oe a generic tangent 
line. To such a branch there corresponds on F a linear branch y;-; of origin 
P;.,, a generic point of LZ; and therefore not on Lj, 74 1.* It is well known 
from the theory of singularities that branches 7;-, of lowest order are also 
characterized by the fact that such a branch 7;-, passes simply through 0; 
and that the points which follow O;_, on ¥i-: are all free points. (*, pp. 365- 
366, 372). 

The orders of multiplicity with which 7;-, passes through the points 
O,0;,: - -, Oi, can be obtained as follows. The order of the multiple point 
Oj. (j S17) equals the multiplicity with which the branch 8, which corre- 
sponds on the surface F;_, to ¥i-1, passes through the point Loa its origin. 
We may assume that 8 is the branch of some irreducible algebraic curve D on 
Fj, and that D does not possess other branches of origin 7? distinct 
from 8. Then we may calculate the multiplicity of D (i.e. of 8) at i 
as the difference between the number of intersections of a variable hyperplane 
section of F;_, with D and the number of variable intersections with D of a 
hyperplane section through O eg Going back to the surface F' we see that 
the required multiplicity equals (C-” -D) —(C,9--D), where D on F 
is the transform of D on Now + L9- and hence 
D) — (C,9 - D) = - D) = since the branch y;-1, and 
hence also D, has a simple intersection with the curve L;, does not meet any 
other irreducible component of L‘-”, and since L; is a kiI--fold component 
of L9-, We thus have the following 


THEOREM 3. The fundamental points O,0,,: (i Ss) on F lie 


* The truth of this statement follows immediately if we recall that to the sections 
of F,_, by hyperplanes through gl there correspond on F the curves C,(i-1) of the 
system 2, (i-1) and that by (17) (0,(-).L;) =1. 
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on a branch ¥i-, of lowest order, passing through these points with the multt- 
plicities ky, +, =e 1, 


As a corollary we have the following inequalities: 


In particular the branch of lowest order passing through all the s fundamental 
points O,0,,- - has at these points the multiplicities ks, ks, 
++, —1 respectively. 

The branch 7; passes through O, O,,- - -, Oj-1 and in addition through 
0; The multiplicity of any point O;, 7 =7i—1, on this branch cannot be 
less than its multiplicity for the branch ¥;-, of lowest order passing through 


0,0,,: + +,Oi.+. Hence we also have the following inequalities: 


The determination of the intersection numbers Lj). In his 
theory of plane singularities, Enriques (*, p. 381) has introduced the notion 
of proximate points on an algebroid branch. Let O,0,,--°-,0Os-1 be a 
sequence of infinitely near points on an algebroid branch y, and let »% be the 
multiplicity of O; on y. We have for any 1, 4% 2visi. If vi vies, then the 
set of proximate points of O; on y consists by definition of the single point 
Oin. If vi > and if = (OSV < vis), then it can be proved 
(*, p. 381) that O; is followed immediately on y by h successive v;,:-fold 
points +, Oisn and by one r’-fold point +1Ss—1), 
if Y/Y >0. These h +1 points constitute the set of proximate points of 0. 
If = 0, the set of proximate points of O; consists of h points Ois,° +, 
From the above definition one deduces the following fundamental property 
of the set of proximate points of a given point: the multiplicity of O4 on y 
equals the sum of the multiplicities of its proximate points. 

We shall have occasion to use the following property of proximate points: 


THEOREM* 4. If Ojsq is in the set of proximate points of O4 on a given 
branch y, then it also belongs to the set of proximate points of O, on any other 
branch passing through Oisa (and hence also through O,). 


This theorem is implicitly contained in Enriques and follows from the 
construction of the branches of lowest order passing through a given set of 
successive infinitely near points O,0,,- -, 04, on a given 
branch y. If Oi:,° - -, Oisg is, the set of proximate points of O; on y, it is 
found that on a branch of lowest order passing through O, 0,,: - -, Os-1 the 
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set of proximate points of O; consists of the set Oi41,- - -, Oig if s—1>1+ 8, 
and includes the set Oj,:,- Os. if s—11+8 (4, Chap. I, 2). From 
this the above theorem follows immediately. We shall now prove the following 


THEOREM 5. Let ye-1 be the branch of lowest order which passes through 
the infinitely near fundamental points O,0,,- + -,Os-1 on F and let the set 
of proximate points of on yer (1< 8) consist of points 

Then = 1, Lj) =0 tf >t and Ait 
Moreover the virtual degree (L;”) of Li equals — (1+ 4%). 


For the proof we observe first of all that it is sufficient to prove the 
theorem for i=1 (Oi, =O, Li; =L,), for then we may apply the result 
to any exceptional curve L‘*» and to the sequence of fundamental points 
++, on F;_, of the birational correspondence between F 
and F,_,. These points lie on a branch of lowest order, which is the transform 
of the branch ys-1, and the proximate points of O{* are clearly the points 
, 

4+a1-1 

We first prove the theorem when a —1, i.e. when the set of proximate 
points of O consists of the single point O,. By Theorem 3 we have then 
ke =k,. Applying Theorem 4, we see that the set of proximate points 
of O on any branch y;-, of lowest order passing through O, 0,,- - -, Oi-1 will 
consist of the single point O,, and hence, again by Theorem 3, we have 
=k, LD=L,+L. By (18) we have (L- =0, 
(L™- I.) =—1, hence (L,- LZ.) =1 and this proves the first part of the 
theorem. We also have (L-L,) = (L,’) + (L®-Z,) and by (18) and (19) 
(L-L,) =—1, (L™-L,) =1. Consequently (L,7) —=—2, q.e.d. 

By section 4, Remark, Z, meets only one of the curves L2,- - -, Ls and 
the corresponding intersection number is 1. To prove our theorem for 4 
arbitrary, « > 1, we shall assume that (L,- La4:) = 1 and we shall show that 
then the set of proximate points of O on the branch yz-; consists of the points 


0:, Og and that (L,?) — (1 a). 
We have (L®-L,) =kG) and hence by (19) Using the 
inequalities (20) we find and from this it 


follows, in view of the inequalities (21), that all the coefficients hk,‘ 
(7 =1,2,---+,¢,+=—j+1,---,%-+1), are 1. For the sake of clearness 
we write the simplified expression of the curves ZL, L™,---,L: 


* Here necessarily i + a; — 1 <= s—1 because on a branch of lowest order through 
a given sequence of infinitely near points 0, O0,,---, O,_,, the set of proximate points 
of any point of the sequence except the last point O, , is contained in the given sequence. 
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+ + kala + + Lase + 


We have replaced kz by 1, since kz and k,“ (—1) give the multiplicities of 
O and O, on the branch of lowest order passing through O and Q,, and hence 
clearly kz 1. From Theorem 3 it follows that the branch yq of lowest 
order passing through O,0,,- --,Oq has at these points the multiplicities 
1,° +, 1. Consequently on this branch the set of proximate points of 0;, 
1=i=a—1, consists of the single point O;,,. It follows by Theorem 4 
that also on ys_, the set of proximate points of O;, where now 11S a— 2, 
consists of the single point O;,;. Since we have already proved our theorem 
for the case « = 1, we conclude that the following relations hold: 


(22) (Li° Din) =1 
(22’) (Li?) =—2 (4 = 2,3,---,a—1). 
By (18) we have (LZ: L,) =—1 and (Z-L;) =0,1>1. Using the 


relations (22), (22’) and recalling that by section 4, Remark, each curve Li 
intersects only one of the components Lj, 7 > 7, we find 


(23) (L,?) + kas =—1; 
(23’) — 2ke + hs =0; 
(23”) + kin =0 (t= 


Since k, = k, = 1 the relations (23’) and (23”) give the following values for 
ks, ka, 
(24) == 2, == +, kg=a—l1. 


The curve intersects one (and only one) of the curves Las1, * 
Let (Lo: Daj) =1, j=1. From (L™-Lg) =0 (t—=1,2,: -,a—2), 


(L°) -L,) =—1 and (L™- L,) =1 we derive the following relations: 

(25) 1+ (La?) = 0 
5’ 

(25’) 

From these relations it follows that and 

“) ==1 by (20). Hence the branch ya,j-1 of 


lowest order passing through the points O, 0,,- - -, Oasj-1 has at these points 
the following multiplicities: O,*, Oo*,- ++, O%a-1, Oa',* O'asj-1, Where 
we have put k = kr We also have (Z- LZ.) =0 and hence from (24) 
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(a—2) + (a—1) (La?) + = 0. 
Substituting for (Z,”) the value —k—1 from (25), we find 
= (@—1)k +1. 


This value of kg,; shows that on the above branch ya,;-1 the set of proximate 
points of O consists of the points 0,,02,---,0a. By Theorem 4 it follows 
then that also on the branch yz_; the points 0,,: - -, Og constitute the set of 
proximate points of O, and this proves the first part of the theorem. 

We have already observed that the branch yq of lowest order passing 
through the points O, 0,,- - -, Oa possesses at these points the following multi- 
plicities: 0,1,- --,0,'. Also on this branch the points 
must constitute the set of proximate points of O. Hence ka,; =a and by 


(23), (L,7) =— (1+ 24), q.e.d. 
Remark 1. By Theorem 1, the curve ZL is of virtual degree — 1 because 
L, = L?, i.e. Ls is itself an exceptional curve of the first kind. 


Remark 2. The preceding theorem shows that the intersection numbers 
(L,:L;) are completely determined by the characters of the branch y.-_, of 
lowest order passing through the infinitely near fundamental points 
O,- -+,Os.4. Conversely, it is not difficult to show that the intersection 
numbers (L,-L;) completely determine the characters of the branch ys-1, 
i.e. the multiplicities of the points O,0,,- + -,Os-1 on this branch. In fact, 
— (L,?) —1 gives the number of proximate points of 0; (1 << s—1), and 
hence the multiplicity of O; on ys_, can be found if the multiplicities of the 
points +, are known, because the multiplicity of O; equals 
the sum of the multiplicities of the proximate points. Since the multiplicity 
of Os, is 1, the multiplicities of O.-2, Os_s,- - - can be determined step by step. 

In a similar manner the multiplicities of the points O, 0,,- - -, Oi-+. on 
the branch y;_, of lowest order containing them can be determined. Hence, 
by Theorem 3, it follows that the intersection numbers (Li: L;) determine 


uniquely all the integers k,‘). 


Remark 3. The determinant A; = |(La-Lg)| =i,i+1,-- -,8), 
equals (—1)**, In fact, if we multiply in A, the second column by hz, 
the third column by k;,---, the s-th column by k, and add to the first 
column, we find, in view of equations (5), A, =—A;. In a similar manner 
we find A, Since A, = (L,?) —=—1, the 
statement follows. The equations (5) determine the integers k; in terms of 
the intersection numbers (L;-L;). This is in agreement with the preceding 
remark, 
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8. Free points and satellites. Our analysis of reducible exceptional 
curves runs parallel to the analysis of plane singularities due to Enriques. 
It illustrates very concretely, by means of the intersection properties of the 
components of the exceptional curve, the notions and conventions used in this 
theory, as for instance the notion of proximate points. Another concept, also 
due to Enriques (*, pp. 365-366, 372), is that of free points and satellites 
in a sequence of infinitely near points on an algebroid branch. We shall now 
show that the knowledge of the intersection numbers (Li: L;) allows us to 
decide whether the fundamental point O; on ys_1, which corresponds to a given 
component L;,; of LZ, is a free point or a satellite. For this we quote a few 
properties relative to the classification of the points O, O,,: - +, Os-1 into free 
points and satellites (*, Chap. I, 2). 

Let Oxso,* * be a sequence of free points such that (if 
Onn AO) and (if + 1< s—1) are satellites, and let denote the 
multiplicity of O; on ye-1. Such a sequence enjoys the following characteristic 
properties : 

view = View < except when k +1 —s—1, 
in which case = = 1. 

(8) If Ox. is distinct from O, then k = 2 and vy-; =v. Moreover if 
We = ANd A Hi, then — 

Recalling the properties of proximate points quoted in section 7%, we 
conclude from (a) and (8) that 

(1) Every satellite is the last proximate point of at least one point 
preceding it. 

(2) If Oy is a satellite followed by a free point O;4;, then Ox is the last 
proximate point of two points Ox, and O,_; preceding it, and conversely. 

(3) The last proximate point of any point O; is never a free point 
followed by a satellite. 

From (1), (2) and (3) there follows 


THEOREM 6. If Li,, does not meet any curve Lj, 7 <t+1, then O; is 
a free point followed by a satellite O;,,, and conversely. If Li,, meets two 
of the curves L;,j <i-+-1, then O; is a satellite followed by a free point Ois, 
and conversely. 


This theorem characterizes the last point of a sequence of satellites 
followed by free points and the last point of a sequence of free points 
followed by satellites and hence enables us to find out the division of the set 
0,0,,: + +, Os. into free points and satellites from the intersection properties 
of the curves L,, - . 
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We add a few remarks concerning the (1,1) correspondence between the 
points of L;,, and the points of the immediate neighborhood of O; (points in 
the neighborhood of order i+ 1 of O). It is not difficult to show (*, Chap. 
I, 2) that the simple infinity of points immediately following 0; contains 
one satellite, if O; is a free point, and two satellites if O; is itself a satellite. 
What point or points of Li,, correspond to this satellite or these satellites? 
To answer this question it is necessary to observe that if Oj,; is a point in 
the immediate neighborhood of O;, then the branch of lowest order passing 
through O, 0,,- - -, Oi, Ois is of the same order as the branch y; of lowest 
order passing through O,0,,- - +, 0; if Oi. is a free point, and is of higher 
order than y; if O;,; is a satellite. A branch y; corresponds to a linear branch 
on F, meeting Lj,, in a generic point. We obtain on F a branch of higher 
order than y; if and only if that linear branch intersects L;,; in a point where 
Li4, intersects some further component of L. Recalling that the fundamental 
point O;,; corresponds formally to the intersection of Zi,, with a curve L,, 
j >1+1 (section 5), we conclude as follows: if O; is a free point and 0;,, 
is a satellite, then this satellite corresponds to the intersection of LZi,, with 
an Lj, 7 >%-+1 (it should be noticed that in this case, by Theorem 6, 
Lis, does not meet any curve Lj, <i+1). If O; and are both free 
points, then, by Theorem 6, L;,, necessarily intersects one and only one curve 
Lj, 7 <%+1; to this point of intersection corresponds the satellite which 
immediately follows O;. If O; is a satellite and Oj,, is a free point, then, 
by Theorem 6, L;,, meets two curves Lj, 7 <<1-+1, and the two points of 
intersection correspond to the two satellites in the immediate neighborhood 
of O;. Finally if O; and O;,,; are both satellites, then by Theorem 6 Li, meets 
only one curve Lj, 7 <1-+ 1, and the point of intersection corresponds to the 
second satellite, distinct from O;,;, which immediately follows O;. 


9. Characterization of reducible exceptional curves of the first kind. 
It is known (*) that the conditions which characterize an irreducible excep- 
tional curve LJ, of the first kind, on a surface free from singularities, are the 
following: (L,?) =—1, [Z,] = 0, these characters being evaluated on the 
assumption that L, is virtually free from base points. The curve L, is rational 
and free from singularities, because, if L, had singularities, the virtual genus 
[Z,] would be positive. 

We show that the properties of the intersection numbers (L;- L;), derived 
in the preceding section, together with the relations [Zi] —0, proved in 
section 3, characterize these reducible exceptional curves of the first kind, 
which arise from birational transformations possessing a sequence of infinitely 
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near fundamental points lying on an irreducible algebroid branch. In exact 
terms we prove the following 


THEOREM 7. Let L,, Do,: +, Ls be a set of wrreducible curves, virtually 
free from base points and of virtual genus zero, on a surface F free from singu- 
larities, and let there exist an arrangement of these curves, for instance the 
one written above, such that the following conditions are satisfied: (i) each 


curve Li meets one and only one of the curves Liy,: * +, Ls which follow Li; 
(ii) if Li meets Lis (1< 8), then (Li: =1, (Li?) =— (1+ 24) and 
(Liss * =1 (7 =1,2,° (ill) (Le?) =—1. Under these 


conditions a convenient combination + (ki = he =1) 
with positive integral coefficients is an exceptional curve of the first kind. 
The assumed arrangement Ly,,- - +, Le is uniquely determined and so also are 
the integers kj. 


Proof. Since the theorem is true for s=1(*), we shall prove it by 
induction, assuming it to be true for s—41. Since, by hypothesis, [LZs.] —0 
and (Ls?) —=—1, Zz is an exceptional curve of the first kind. There exists 
therefore a birational transformation of / into a surface F, in which to Ls 
there corresponds a simple point O of # and which does not possess funda- 
mental points on L,. It can also be assumed that the transformation possesses 
no fundamental points on F’, that L, is the only fundamental curve of the trans- 
formation on F and that F is free from singularities.* Let 2,, L2,- - -, Ds. be 
the transforms of Z,,--+,Zs, on F. The virtual degree of a curve is 
invariant under birational transformations. However, if a given LZ; meets Ls, 
then LZ; passes through the point O simply, since (1; +L.) =1, and this point 
must be considered as an assigned base point of LZ; (*, Chap. II, 7). If we 
understand by (Z;”) the virtual degree of L; virtually free from base points, 
then (L;7) = (L,?) if (Zi: Ls) =0 and (£;?) = (Li?) +1 if (Li: Ls) = 1. 

With these preliminaries we proceed to prove that the ordered sequence 


of curves L,, L2,- - -, Ls-, on F satisfies the conditions for an exceptional curve 
stated in the above theorem. From (i) we deduce that (L,-1- Ls) = 1 and by 
(ii) =—2. Hence (£%_,) = (L*,.) + 1——1 and this shows 


that the condition (iii) holds. To show that the conditions (i) and (ii) are 
satisfied, we make the following self-evident remarks: 


“The defining linear system 2 on F associated with the transformation, i.e. the 
system which goes into the system of hyperplane sections of 7, may be assumed to be 
free from base points and non-singular (**, Chap. IV, 4). If the transformation possesses 
on F fundamental curves other than L, and hence fundamental points on F distinct 
and necessarily at a finite distance from O, these fundamental points can be trans- 
formed back into curves by means of a sufficiently general linear system on F, free from 
fundamental curves and free from base points outside these fundamental points. 
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(a) If and L,) are not both 1 (1,7 <8), then (L;- L;) 
== (L,-L;). 
(B) If (Li: De) = (Lj: Le) =1, then (Ly: L;) = (Li: Lj) +1. 


We consider any curve L;,i< s—1. Let (Li Lisa) =1, (Li: Lj) ~=0, 
j>t and jAi+a If it+aXs, then by (a) (Li: Lisa) =1 and 
(L,-L;) =0 if j>% and Moreover by applied to the case 
i= j, it follows that (L,7) = (Li?) =—1— a. Ifi+a=—s, then by (f) 
(where now j = s—1) we have (L;- = 1, since (Li: = 0. More- 
over by (ii) we have (L;-L.) =0 (7 =1+1,- - -,s—2), and hence by (a) 
(L,:L;) =0 (j=i+1,---,s—2), since (Li: =0. We also have by 
(8), when we put i= j, (L,7) = (Zi7) + 1 = — (s—it) —1+41 
— (s—i—1)—1. We have thus proved that every curve Ly (t=1, 2, 

+,s—2), meets one and only one of the curves Lj, > 1%, and that if 
(Li: Lisa) =1, « > 0, then (£;7) =—a—1. Finally if Lin) =1, 
then by (ii) (Lj Dj.) =1 and consequently 
(L£;+ Lj.) =1 for the same values of j. Hence all the conditions (i), (ii), 
(iii) are satisfied by the ordered sequence L,,- - +, Le. 

From the hypothesis that our theorem is true for s —1, it follows that 
a proper combination of the curves L; is an ex- 
ceptional curve of the first kind. There exists then a linear system 3 on F 
possessing Z as a total fundamental curve, satisfying the conditions (i), (ii), 
and (iii) of the definition given in section 1 and having no base points on L. 
It is seen immediately that the curves Z,,- --, 2, are fundamental curves 
of the system % on F which corresponds to 3, that a proper combination 
kL, of these curves is a total fundamental curve of 
(since by the conditions (i), (ii), (iii) of the preceding theorem the curve 
[,-+:+-+-+ JL, is connected) and that = satisfies the conditions (i), (ii), 
(iii) of the definition given in section 1. It has been proved already (section 7, 
Remark 2) that the integers k; are uniquely determined. It remains to prove 
that the arrangement L,, L2,- - -, Ls is uniquely determined. Let us assume 
that L;,, Li, - -,Li, is another arrangement satisfying the conditions (i), 
(ii) and (iii), where is a permutation of the indices 1, 2,- - -,s. 
Since by (iii) (Z;,2) =—1 and since by (ii) ZL, is the only curve whose 
virtual degree is — 1, it follows that L;, coincides with L,. We shall therefore 
assume that 1; = j for =a,a+1,---,s (1<ass), and we shall prove 
that Let ig =a —1, and let Lavy) =1, y= 0, by (ii). 
We have, by (ii), (L*a.) =—(2+ y), and by the same condition (ii), 
applied to the arrangement Lj,, Li,,- +, Le, Law,’ **,Le, we have 
= (L’ig) =—(a+y—B+1). Hence 2+y—a+y—f+4+1, 
or B =a—1, q.e.d. 
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10. Fundamental points on several irreducible branches. In the previous 
sections we have treated the case of a birational transformation with a suc- 
cession of infinitely near fundamental points on a single irreducible algebroid 
branch. We found it necessary to assume that the curves L;-+-- ++ Ls 
(i=1,---,s) were connected. When these curves were not connected we 
saw in section 3 that the aggregate of fundamental points would not lie all 
on one branch. It is the purpose of this section to consider this latter case. 

The curve L, +--+ --+ Lg is connected (see 2), but we shall suppose that 
[,+:+--+J. breaks up into p (=1) maximal connected components 
L”,---,L, having two by two no points in common (see 3). Then on 
the surface F’, in the first neighborhood of the point O, we have the p distinct 
fundamental points --, Op, of the transformation We shall fix 
our attention on one of these, say O,,,. In the immediate neighborhood of 0,,1 
T+ may have several fundamental points, among which there may or may not 
be the * proximate point of O following O,,,. We shall suppose that 7-* has 
a fundamental point O,,., immediately following 0,1, which is a proximate 
point of O. Then in the immediate neighborhood of O,,2, T-* may have several 
fundamental points, among which there may or may not be the proximate 
point of O following O,,2. We shall suppose that 7J-! has a fundamental 
point O;,; immediately following O,,2, which is a proximate point of O. We 


continue in this way to define the sequence of points O, 01,1, - -, 01,0 such 
that each point is fundamental for 7-* and that O,, is the proximate point 
of O immediately following 0,i-. (t= 2,---,¢). 


We shall suppose that the fundamental points of 7-+ which follow 0,,¢ 
include no proximate point of 0. From the preceding sections it follows that 
the immediate neighborhood of each point of the sequence O,0,,1,° * *, 01,0 
is represented in (1,1) fashion by the points of irreducible components of L, 
namely respectively. Consider now a linear system of 
curves ® on F’, cut out by a system of forms of a sufficiently high order, having 
base points only at the points O, 01,0 and free from fundamental 
curves on Ff. By relating the system ® to the hyperplanes of a linear space, 
we induce a transformation 7” and transform F into a surface F”; from the 
considerations in sections 1-9, it is clear that F” has an exceptional curve of 
the type treated in those sections. F’ is the transform of F by the product 


*We say “the proximate point of O,” because it can be easily shown that there 
is only one such point in the immediate neighborhood of 0,5 More generally, it is 
not difficult to prove that if 0;, O,,,,---, 0,,3 (8 > 0) is a sequence of successive 
points in the neighborhoods of order 4 i+1,---,i+ 8 of a point O, such that 01.8 
18 @ proximate point of O,, then there is one and only one point 04.641 immediately 
following 01. which is a proximate point of 0,. 
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TT’, and this transformation is free from fundamental points on F. The 
exceptional curve on F” consists of the curves L’;, L’1,1,° L’1,0, the trans- 
forms of [,,:-+,li,c on F; the remaining components of LZ on F are 
replaced by points of F”. 

Now in the exceptional curve on F”, L’, must intersect L’;,¢ by Theorem 5, 
since on F O,¢ is the last proximate point of O. Does this imply that 
the corresponding curves L, and L,,o on F intersect? Let us assume that the 
intersection of L’, and L’;,¢ arises from the intersection of LZ, and Li,c on F 
with a curve Lg which has been replaced by a point on F#” and let Og be the 
fundamental point on # whose immediate neighborhood is in (1,1) corre- 
spondence with the points of Lg. This point is not in the sequence 
O,0;1,° * +, 01,0, since Og is transformed by 7” into a point of F’. On the 
other hand the fact that L,0 and Jg intersect implies that if L” 
(j =0,1,- - +-,«—1) denotes the exceptional curve on F which corresponds 
to the point 0,; (0:,;=0, L® =L), then L,,o and Lg belong to one and 
the same maximal connected component of L‘)) — L,j, i.e. to LD9*. Hence 
there exists a branch passing through O,- - -, 01,0, -+,Og. Set up a 
transformation 7”, as 7’ was determined, possessing only O,---,Og as 
fundamental points and transform / into fF’; F” has an exceptional curve 
of the type considered in sections 4-9. In this exceptional curve denote 
by L;” the transform of LZ; on F. Then (L”,-L;,c) =1 by Theorem 5 and 
(L,”- Lg) =1 since (L,+ Lg) =1 on F and since the transformation TT” 
is free from fundamental points on F. But this is impossible, since L,” 
cannot meet two distinct irreducible components of the exceptional curve on F”. 

Hence we must have on F, (1,:Li,c) =1. This constitutes an ex- 
tension of Theorem 5 in whatever way the maximal connected components 
of Li+:--+ LD, (t=2,-+-+,s) may decompose. In all cases we have 
shown that L, intersects that curve which is the map of the immediate neigh- 
borhood of the fundamental point, which is the last proximate point of O. 

In Theorem 5 we were also able to derive the virtual degree of L, and 
hence the virtual degree of any component of Z; we found (L,7) =—(1 
-+- number of proximate points of 0); we wish to prove this for the present 
case when the fundamental points lie on several irreducible branches.* 

The curve JL, is connected, but L,-+----+ Lz breaks 
up into p=1 maximal connected components L®,---,Z; L, meets L®” 
(8 =1,:--,p) in one point each, and each LZ‘ gives rise to an exceptional 
curve L‘®) and to a fundamental point Og, in the first neighborhood of 0. 
*The set of proximate points of a given point 0, when several branches pass 


through O, is by definition the set of all the proximate points of O on the different 
branches through O (‘*, Chap. I, 2). 
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We shall fix our attention on one of these points, say O,,1, and on the corre- 
sponding curve The intersection (LD, 
arises from the intersection of LZ, with some curve Za, of LL such that 
(L,- Lag) =1. Now L —-L, decomposes into several maximal connected 
one of which contains let this component be 
53 we have (Lz: i”) = 1 fas (L,-£%) —1] and 
gives rise to a fundamental point 0,,2. in the immediate neighborhood of 0.1 Le 
Then LS — Lag breaks up into several maximal connected components, one 
of which contains Liq, ; let this component be 
As before, there is a fundamental point O,,; in the immediate neighborhood 
of 0,2. We continue in this manner and come finally to a fundamental curve 
[@ —Iq,+--- and this gives rise to a fundamental point O;,q in the 
neighborhood of order « of O. From the proof in the earlier part of this 
section it follows that O,,q is the last proximate point of O after O,,, among 
the fundamental points of 7-?. 

The proof of section 5 extends directly to show that the immediate 
neighborhood of O;,, is in (1,1) correspondence with the points of the curve 
Tug; then the proof of section 6 follows and shows that the branch of mini- 
mum order through O,0,,1,- - -,01:,a has at these pojnts the multiplicities 
Kaas k™,: + +,k@ —1, where these values are the coefficients of Lag in the 
exceptional curves Li, derived from the fundamental 
curves £,£%,---, Lim. But ko 1 “by (10) of section 3. Therefore 
= Since the multiplicity of a point is equal to the sum 
of “the multiplicities of its proximate points, we have at once ka,—=«a. We 
apply this procedure to the curves L‘® (8 =1,- - -,p), and from the relation 
(L-L,) =—1 we derive in all cases the desired result: (L,7) =— (1 
+ number of proximate points of 0). As in Theorem 5, the proof extends 
to the other irreducible components of L. 
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THE TOPOLOGICAL TRANSFORMATIONS OF A SIMPLE CLOSED 
CURVE INTO ITSELF. 


By E. R. van KAMPEN. 


I. The theory of a topological transformation of a simple closed curve 
into itself has been developed first of all by Poincaré (a), who needed it for 
his investigations on the differential equations on a torus. Later P. Bohl (b) 
formulated a result closely related to the sufficiency in our (13). Then H. 
Kneser (c) and J. Nielsen (d) gave improved proofs of the existence of the 
number (3) and of the transformation functions y = anda —h(y) (V). 
In this paper we have used Nielsen’s proof that was published in the Danish 
language. Denjoy (e,f) found his sufficient condition for the transitive case 
(15) using continued fractions. Kneser (g) published a theorem equivalent 
with the necessity in (13). Wintner and Lewis (h) laid the foundation for 
(14). The papers a, b, f, g consider the question as a problem for differential 
equations on the torus. 

In this paper we give the theory for a simple closed curve only, con- 
siderably simplified and completed on several points. The consequences for 
the solutions of a differential equation on the torus are immediate. The 
examples that have been assembled will not be repeated here. An account 


will be found in Denjoy’s paper. 


II. We consider a simple closed curve C and on it a codrdinate x taking 
all real values, such that two values of x correspond to the same point of ( 
if and only if their difference is an integer. 

If a topological transformation of C into itself changes the orientation 
of C then the transformation has exactly two fixpoints and interchanges the 
two arcs determined by the fixpoints on C. We exclude this case completely. 

Any other topologicgl transformation T of C into itself can be determined 
by a monotonically increasing continuous real function f(x), satisfying the 
relation f(z +1) —f(z) +1. However if 7 is known the function f(z) 
is not uniquely determined but can be replaced by f(z) +n, where n is an 
arbitrary integer. We can consider f(z) as a topological transformation of 
the line of real numbers into itself. 

If we denote by 7” and f” the n-th powers of the transformations T and f, 
then we can represent 7” by any of the functions f"(z) +k, where k is an 
arbitrary integer. 
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If p is any point of C and @ any real number we will sometimes write 
pn for T"(p) and 2» for f"(z). As 7” is again a topological transformation 
of C into itself, f”(x) will be the same type of real function as f(z). 


III. In this section we introduce a real number r+ characterizing in a 
very definite topologically invariant sense the average size of the transforma- 
tion affected by T on the points of C. 


(1) The limit Lim (1/n) a, = 7 exists and is independent of x. 


|n|—>00 


As soon as we know that the limit exists for a particular value of z, then 
the rest. of the theorem is very simple. For 


| so Lim (1/n): yn) =0. 
|n|->00 


If some power 7” of T has a fixpoint with the codrdinate y, then we can 
find an integer p such that ym=y-+p. Using the formula f"(z +1) 
= f(x) + 1 we can prove by induction ymn = y + pn and a simple limiting 
process shows that in this case r exists and is equal to the rational number p/m. 

If no power of 7 has a fixpoint then no integers m and p and real number 
x exist such that tm—=x-+ p. Thus we can find corresponding to any integer 
m an integer p such that p+2<am< p+a-+1, for all real x In fact 
we only have to find the value of p for one particular value of x and then the 
inequalities are true for all 2 because the corresponding equalities never take 
place. Applying the inequality for *,Omcn-1) and adding 
we find: 

np <Omn <n(p+1). 


Comparing this with the original inequality for = 0 we can prove: 


| — 


It is clear how this reasoning has to be rearranged if n is negative. If we 


interchange m and n in the last formula we can conclude: 


1 


1 
“tar? 


from which the existence of r follows immediately. 
(2) + is irrational if and only if no power of T has a fixpoint. 


If r is the invariant of f(z), then rm + & is the invariant of f"(z) + k. 
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So if + is rational we can find a power S=T™ of T and a corresponding 
function g(r) =f™(x) such that (1/n)9"(0) =mr+k=0. 
n|->0CO 
Supposing at the same time that S has no fixpoints, we can assume for reasons 
of symmetry that g(z)> 2 for all x This makes gn(0) an increasing func- 
tion of n. But we must have gn(0) <1, otherwise we could conclude 
mr+k>41/n. So the sequence g,(0) has a cluster point 2 and x must neces- 
sarily determine a fixpoint of S contrary to our supposition. So r must be 
irrational if no power of 7 has a fixpoint. From now on we will suppose 


that r is irrational. 


(3) The number systems nr + m and py + m are in a one-to-one monotonous 


correspondence. 


Here z is arbitrary fixed, m and n take all integer values. We note first 
that the particular value of x chosen has no influence on the order of the 
elements in %, +m. This depends on the fact that t,— 2% can never take 
an integer value. Choosing 20 we have to prove that 0n +m <0,+1 
and nr + m < kr-+1 are equivalent inequalities. The first can be brought 
into the form 0n_.<1—m. Asin the proof of (1) this leads to r(n —k) <<1—m. 
And the conclusion is reversible because Onx=>1—m would lead to 


t(n—k) >1—m. 


(4) The residual class of + modulo one is a topological invariant of T and 


the oriented curve C. 


We know that the systems of numbers nr + m and 0n + m are ordered 
the same way for each codrdinate system of C. If we normalize the functions 
of x belonging to different codrdinate systems with the same orientation 
by the condition 0 <0, <1 then the order of the system 0, -+ m does 
not depend on the codrdinate system chosen. But then the same is the case 
for the system nr + m, so the residual class of r modulo one does not depend 


on the codrdinate system. 


IV. We now consider the set P = {pn} formed by all transforms p, of p 
and the set # of all cluster points of P. 


(5) Eis invariant under the transformation T and independent of p. 


The first part is obvious because P is invariant under 7. The second 
part follows very easily from the following statement: 


(6) The two closed segments e and e: determined on C by two points pm and 
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gn Of P both contain at least one of the transforms qi of any point q of C. To 
prove this for e we consider the finite sums e+ 7™%"e 4+ 7?™™e-+-:- 
+ Tk(mne, As zr is irrational, so different from zero, these sums of adjacent 
intervals must fill C completely if & is sufficiently large. So one of the intervals 
Ti(m-n)e must contain g and e must contain gicn-m)- 

If now the sequence pa, converges to 7, then there must be a sequence of 
transforms q», of g converging to the same point r, so # is independent of p. 


(7) £ is perfect and either equal to C (transitive case) or nowhere dense 
on C (intransitive case). 

As £ is closed the first part follows from (6) if we take qg to be a point 
of #. The second part follows from the fact that P is on C either everywhere 
dense or nowhere dense. If P is dense in an arbitrary interval of C then we 


j can assume that interval to be e of (6). As a finite number of transforms of 


that interval fills C completely P must be everywhere dense on C. 


V. We now make a closer study of the sets of numbers A = {nr + m} 
and B = {z’, + m} mentioned in (3). We take for 2’ in 2’, + m a fixed but 
arbitrary number corresponding to one of the points of L. 

We are going to define a real function y= g(a). For any number in B 
we put the function equal to the corresponding number in A. Because of (3) 
and because A is dense on the real axis the function is continuous and in- 
creasing on B. If B is also dense on the real axis (transitive case) this 
function on B can be extended in a unique way to a continuous increasing 
function y= g(a), defined for all z If B is not dense on the real axis 
(intransitive case) then the function on B can be extended in a unique way 
to a continuous non-decreasing function y = g(x), constant only on the closed 
intervals corresponding to the segments of C — E. 

In the transitive case the function y= g(x) has a continuous increasing 


j inverse x —h(y) transforming the y-axis into the z-axis. In the intransitive 


case we can define the inverse x —h(y) in such a way that it is increasing 
and has a countable number of discontinuities corresponding to the countable 
number of intervals on which g(x) is constant. 

The function y= g(z) must satisfy the relations 


(8) +1, 
(9) gf (x) =9(%) +7, 


for if x is any number in B and y thecorresponding number in A then y +1 
corresponds to x + 1 and y+ 7 corresponds to f(r) = 2. 
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VI. We can choose the variable y, occurring in y= g(z), as a codrdi- 
nate proportional to the length of arc on some circle D in a euclidean plane. 
Then (8) shows that y=g(za) defines a univalued and continuous trans- 
formation S of C into D, such that S transforms FE into D and eventual 
segments of C — F# into points of D. If no such segments exist (transitive 
case) S must be 7 a topological transformation. 

Now (8) and (9) show that the transformation 7 of C is transformed 
by S into a rotation of D over the angle 2zr, so finally clearing up completely 
the meaning of the number r. If the transformation 7 is transitive T 
is topologically equivalent with a rotation of a circle over an angle 2zz. 
If 7 is intransitive the same equivalence is true after an invariant countable 
set of closed segments on ( has been transformed into a countable set of 
points by a preliminary transformation of C. 


VII. The problem now arises to find conditions for a transformation 
T of C (of which no power has a fixpoint) to be transitive or intransitive. 
The N.S. condition for 7 to be transitive is that the transforms p, of a point 
p of C are everywhere dense on C (7). The following condition on the same 
points is more suitable for applications: 


(10) WN. and 8. for T to be transitive is for the transforms pn of a fixed 
pownt p to have the following property: Whenever the sequence pa,, av integers, 
v=1,2,-- +, 18s convergent then the sequences pawn depending on n converge 
uniformly in n. 


The necessity is very simple: If 7 is transitive the curve C can be 
obtained as the result of the (uniformly) continuous transformation S~' of D 
into C (see VI). But if a sequence of numbers ray modulo one converges 
then r(ay-+n) modulo one converges uniformly in n, and this uniform 
convergence is not disturbed by the transformation S-. 

We now prove the sufficiency. If pa, converges to an arbitrary point 4 
of # (5), then Lim pa,soysn = Yipsn. If we select the sequence by, such 

v->oo 


that qv, converges then Lim Lim pu,.v,sn exists. As a consequence of the 
condition in (10) Paysousn Will converge uniformly in n and bp so qiysn Will 


converge uniformly in n. In other words the condition in (10) is satisfied for 
any point of Z# if it is satisfied for p. We apply it to the endpoints qg and r 
of an eventual complementary segment e of # in C. If qav converges then fa, 
must converge to the same point (at least if all ay are distinct). But qnay 
and Tra, could not possibly converge uniformly at the same time to the same 
point. In fact if we substitute n = — ay we find that for any ay there exists 
an n such that the points qn.0, and ‘nj, are as far apart as the distinct fixed 
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points g and r. In other words a complementary interval e cannot exist and 
CH. At the same time we find: 


(11) Jf T is transitive and for fixed p and sequence of integers ay the 
sequence of points pa, converges then all sequences qa, converge uniformly in q. 


Remark. The criterion in (10) is in a certain degenerate sense still 
valid in case + is rational and even when 7’ does change the orientation of C, 
if we consider as transitive any transformation for which H = (C if r is irra- 
tional and for which some power of 7 is the identical transformation in the 
other cases. 


VIII. If T is transitive it is topologically equivalent with a rotation. 
So the next question that arises is to find the equations of the continuous 
group of transformations of which such a transformation 7’ is one element. 
We take a fixed point p on C and two variable points q and r. We will 
define a point s depending on g and r (s = f(q,7)) such that the transforma- 
tion of that continuous group transforming p into q, transforms r into s. 


(12) Jf pa, converges to q and po, converges to r then Pays, converges to 
r) 


The existence and uniqueness of s =f(q,7) follows from (10). That 
s=f(q,7) is the equation of the desired continuous group is evident if we 
apply the transformation S (VI). We see that if Sq and Sr are the results 
of a rotation of Sp over angles 27A and 2p, then Sf(q,7) is the result of a 
rotation of Sp over an angle 2r(A+ 4). In particular it follows that 
s=f(q,7r) depends continuously on the two points g and r together. 
s’=f(q,7) satisfies the following relations: 


s=f(g,r) =f (17,9) =F (Gn, 7) ; 
f(p, r) f(a f(r; s)) = f(f(q,7),8). 


All these properties of f(q,7) could be derived directly from (10) and (11). 
IX. Condition (10) can be modified if we suppose that the curve C is 


in the complex plane, so that any point of C is a complex number. But for 
a slight change, that can easily be accounted for, (10) then says: 


(13) WN. and 8. for T to be transitive is that the transforms pn of any point 
p of C form an almost periodic function on the group of addition of all 
integers n.* 


* See J. von Neumann, “ Almost periodic functions in a group I,” Transactions of the 
American Mathematical Society, vol. 36 (1934), pp. 445-492, and A. Walther, “ Fast- 
periodische Folgen,” Hamburg Abhandlungen, vol. 6 (1928), pp. 217-234. 
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The considerations of section VI can then be amplified in the following 
way: The circle D can be considered as representing the group of rotations 
round its center. It contains a subgroup simply isomorphic with the group 
of addition of integers: the group of rotations over angles 2rrn. If we let pp 
correspond to the rotation 2rrn then according to VI the resulting function 
can, be extended to a continuous function on the group D, in fact to the 
transformation S* transforming D into C. From the theory of almost 
periodic functions it follows now that the two almost periodic functions pp 
on the group of integers and S* on the group of rotations D have the same 
Fourier sequence. If 27a represents a variable angle of rotation on D then 


the Fourier sequence of S-* must have the form > a, exp(2miak). As we find 
the values of « corresponding to pn by putting « = nr the Fourier sequence of 


Pn will have the form > a, exp(2rinrk), in other words: 


(14) The Fourier exponents of the almost periodic function pn of (13) will 
be integer multiples of r. 


X. The equality of the Fourier coefficients of pn and S can be gen- 
eralized, expressed in terms of the functions y—g(z) and r~—h/(y) of V 
and proved in a very simple way. 

We need the fact that the smallest positive remainders (rn) of rn modulo one 
are uniformly everywhere dense between 0 and 1. So if ¢(y) is a Riemann in- 


tegrable function defined for 0 = y= 1 then t(y)dy= Lim(1/n) (kr)). 
If ¢(z) is everywhere defined, Riemann integrable and has the period one 


this becomes: 


J, = Lim (1/n) 


Writing t(g(z)) s(x) we find that is integrable with respect to 
g(x) in the Riemann-Stieltjes sense, 1)—s(r)+ 1 andt(y)—s(h(y)). 
Furthermore for a fixed value 2’ of x: ¢(lr) =s(2’1). So finally: 


n 1 2 
(14) Lim (1/m) 3 = fs(z)dg(2) = 
Under the condition that s(z + 1) s(x) +1 and that either one of the two 


integrals exists. In the transitive case the equality of the Fourier coefficients 
follows if we substitute : 
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s(x) = r(x) exp[2ming(z) ], 8(2’1) exp[2zrinlr], 
where r(x) is the (periodic) function locating C in the complex plane. 


XI. The condition (10) does not give a direct connection between the 
transformation 7 or the function f(z) determining 7’, and the transitivity or 
intransitivity of 7. The problem of finding such a condition (at least without 
further restrictions) seems to be extremely difficult. In the same class are all 
problems of the type: What can be said about the real function character of 
y=g(x) and x—h(y) (IV) if something is known about the character 
of f(z). 

The difficulty of this problem is indicated by the following statement of 
which we omit the simple proof : 

If two segments e and e’ on C have no point in common and a topological 
transformation 7” of e into e’ is given that does not change the direction, then 
a transformation 7’ of C can be constructed such that T’p = Tp if p is in e, 
T belongs to an arbitrary 7, and (except when r—0) T is either transitive 
or intransitive. 

This points out that, unless strong restrictions are made on the class of 
functions considered, no condition, that determines the local character of f(z), 
can have an influence on the transitivity of 7’ or even on the value of r. 

In the next section we will give a proof of the only result available along 
the lines indicated in this section, the following theorem of Denjoy: 


(15) If the function f(x) determining T has a continuous derivative 
f(x) 40 and of bounded variation in the segment 0S 241 then T is 
transitive. 


XII. We take on C a fixed point p and a segment e with p as endpoint. 
Then we determine a positive integer n such that either pp, or pn is the only 
point px, | & | <n in the interior of e. We can of course find arbitrarily high 
such integers n by taking e sufficiently small. We only consider the case that 
p-n is the point contained in e, then: 


(16) The two finite sequences: 


Po Pr» Pn-1 5 
P-n; Pi-n;* * 
alternate on the curve C.* 


We must show that if 0k <n, no point of the two sequences is in the 


*The simplified proof of this statement here given was also found by R. H. Fox. 
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interior of the segment pxpx-n that has the same orientation as popn. We 
consider two cases: 


a. pi is in the segment pron and n>l1=k—n. Then Tp, is in 
OF Pir iN Pop-n, Which has been excluded for n > 1—k = —n. 


b. pr is in and —n=1<k—n<0. Then is in the segment 
PisnPt, 80 Pu-1-n 18 iN Pop and this has again been excluded for 0 << k—I—n 
<—l=n. 


From the assumptions of (15) we can conclude that F(x) = log f’(z) is 
continuous, has the period one and is of bounded variation in the segment 
0=2z=1. If zis a number corresponding to p we can conclude from (16) 
that for some constant V: 


| + ++ F + F(tin) +: F(24))| < 
Substituting the definition of F(z) and contracting the logarithms we find: 


dt, din 
log dx )| 


dx 
+V 
7 


Now we take a segment e on C. We denote its length by yu, the length of 
Te by wn and an integral over a segment of the real axis corresponding to ¢ 


din 
dz f dz dz; 


dx dx. din dz 
f, dx dx f dx dz ) dz > 


> pa > 2np 


As the sum of the measures of the segments 7e is not bounded some of these 
segments must overlap on C and as this is not the case for segments of C — L 
such segments cannot exist and 7’ must be transitive. 

One consequence is that 7 is transitive if f(z) and its inverse function 
are analytic. 


XIII. The difficulties found in trying to conclude anything about g(z) 


by dx. Then: 
+n 
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from the real function character of f(x), disappears completely if we start 
from the function s = f(q,7r). 

We suppose that T is transitive, so that the functions g(x) and h(y) are 
both continuous, and monotonic increasing. Then we define a function f(z, y) 
of two variables by the equation: 


(17) f(x,y) =hl g(x) + 9(y)] or gf(4,y) =9(2) + 9(y). 


It is quite obvious that f(z,y) is continuous and has the period 1 in 
both variables. Its meaning on the curve C is given by the function f(q, 1) 
of (12) if we take there for p the point with codrdinate zero. 


(18) a. If f(x,y) has the derivative f,(x, y) then the derivatives and 
h’(x) of g(x) and h(x) exist and are positive. 
b. If fe(v, y) continuous in y then g’(x) and h’(zx) are continuous. 
ce. If fe(x,y) has an n-th derivative to y, then exists, n > 0. 
d. If f(x,y) ts analytic then g(x) and h(z) are analytic. 


a. As g(x) is continuous and monotonic increasing it has certainly a 
derivative for some value z of z. For any given x we can find a value y such 
that z=f(2,y). For the values of x and y so determined we take the 
derivative of gf(z,y) = g(x) + 9(y) to x and find that g(x) has a derivative 


for all values of 2 Then the formula: 
(19) I f(t, y) *fe(t,y) = (2), 


now valid for all 2 and y shows that if g’(a) was zero for one particular 
value of a it would always be zero and that is obviously impossible. So g’(z) 
is positive, the inverse function h(x) has a positive derivative and f(a, y) 
has a positive total derivative. 


b. If fe(z,y) is continuous in y then (19) shows, taking xz fixed and 
f(x,y) =z arbitrary, that 1/g’(x) and h’(z) are continuous. As 1/9’(z) 
can never be equal to zero g’(z) is also continuous. Finally we see from (19) 
that f.(z,y) has a positive greatest lower bound. 


c. If fe(a,y) has an n-th derivative to y, n > 0, then it is continuous 
in y, 80 fz(z,y) > « > 0. Now we can successively take n times the derivative 
of (19) to y, each time proving that the next derivative of g(a) exists. In 
fact each time it occurs in exactly one term and with a positive coefficient. 


d. If f(x,y) is analytic then f,(z, y) is continuous and positive. So for 
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constant z = f(x,y) we can solve for y as an analytic function of z. Then 
(19) shows that g’(z) is an analytic function of z. The same is then true 


for g(x) and h(z). 
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A THEORY OF POSITIVE INTEGERS IN FORMAL LOGIC.* 
PART I. 


By 8S. C. KLEEnE. 


1. Introduction. In this paper we shall be concerned primarily with 
the development of the system of logic based on a set of postulates proposed 
by A. Church.+ Our object is to demonstrate empirically that the system is 
adequate for the theory of positive integers, by exhibiting a construction of a 
significant portion of the theory within the system. By carrying out the con- 
struction on the basis of a certain subset of Church’s formal axioms, we show 
that this portion at least of the theory of positive integers can be deduced from 
logic without the use of the notions of negation, class, and description. 

Instead of limiting our discussion to the system of Church, we shall em- 
ploy his rules of procedure in a generalized form, and present our results as 
valid for a logic based on these rules and any set of well-formed formal axioms 
which includes 1, 3-11, 14-16.[ This program is explained in the introductory 
section of a previous article.§ 

We presuppose familiarity with the contents of the first article of Church, 
and of §§ 1-5 of our previous article. 

As has been noted, significances can be assigned to the symbols of the 
logic in such a way that the formulas become assertions of logical truths. The 
mathematical interest arises from the fact that among the logical entities of 
the system it is possible to select certain ones which occur in relations of the 
same form as the relations between certain entities in mathematical theories. 
Hence if the mathematical entities are identified with, or defined to be, the 
logical entities, the propositions in which they occur will read as theorems of 
mathematics. It is in this sense that we are to develop or deduce the theory 
of positive integers within the logic, 1.e. we are to define the numbers and 


* Received October 9, 1933. Revised manuscript received June 18, 1934. 

+ A. Church, “A set of postulates for the foundation of logic,” Annals of Mathe- 
matics, vol. 33 (1932), pp. 346-366, and a second paper under the same title, vol. 34 
(1933), pp. 839-864. We shall refer to these articles by their dates. 

¢ Church, 1933, p. 841, or 1932, p. 356. 

§S. C. Kleene, “ Proof by cases in formal logic,” Annals of Mathematics, vol. 35 
(1934), no. 3. References to theorems or sections of this paper will be made by pre- 
fixing the letter © to the number of the theorem or section. 
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other notions employed in the theory as expressions of the logic, and prove 
formulas which assert, in the symbolism of the logic, that these expressions 
stand in the relations which the mathematical theory requires. 


2. Equality. The definition 
= — $(u) 9 


{=} (x,y) abbreviated to [x] = [y], and the theorems * 


2.2: [t@=y] = 7, 
2.3: [t= y] Cay: [y= 2] 


show that we may carry out within the system certain familiar operations with 
equalities. 

Specifically, it follows from the definition that we may pass from an 
expression J to an expression J’ by the substitution for a free occurrence of 
N in J of an equal expression N’, provided the resulting occurrence of N’ in J 
is also free, 7. e. under these circumstances J, N= WN’ } J’. For then, according 
to C5I, we may convert J into {Ax-K}(N) and J’ into {Ax- K}(N’) for a 
suitably chosen x and K, and we can pass from {Ax- K}(N) to {Ax- K}(N’) 
by means of Rule V using NWN’ as major premise. This argument also 
applies directly to the substitution of occurrences of N’ for each of a set of 
occurrences of N, provided the occurrences of N and of N’ are free. (Cf. C2IX.) 
As a special case of this substitution rule we may pass from A =~ B to A=C 
where C is obtained by legitimate substitutions of N’ for N within B. 

From 2.1 it follows that we may equate an expression A to itself, or to 
any expression B obtained from A by conversion, provided only that we can 
prove H(A) or H(B). For if we have (A) we infer d=A by 2.1, and 
convert the A on the right into B. If we have H(B) we infer B= B by 2.1, 
and convert the B on the left into A. (Cf. § C5, paragraph 2.) CS5II char- 
acterizes the situations in which we may prove E(M). 


2.2 enables us to pass from A = B to B= A, and 2.3 from A =B and 
B=CtoA=C. 
The abbreviation A; = A, A, ‘= Ay will be used for [A; = Az] 


* Church, 1933, Theorems 1, 2, 3. 
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= A;] [A; = As] [An —=An]. As a consequence of 2.2 and 2.3, 
each of the n? equalities A; = Aj (1,7 =1,---+,m) is a consequence of the 
chain of equalities A, = A, —=-+-+:=—A,. Frequently we are interested only 
in the equality A, = A,. 

We shall adopt the practice of starting with an expression, A,, and writing 
successively = A,, = A;,- - -, == An, whenever it can be shown that, for an 
arbitrary F, F(A,) | and F(A.) | F(A,), F(Az) | F(A;) and F(A;) 
F(A,),° +, F(An-+) F(An) and F(An) | F(An-+), respectively. Such a 
chain of contingent equalities linking A,, A2,- - -,An represents a chain of 
provable equalities if H(A;) is provable for any one i (1S1tn). For then 
each of H(A,), ++, H(An+) follows from and the facts 
F(A,) F(A2),° +, F(An) F(An-1); and then each of the n—1 factors 
of A, = A, =- - -=A), can be proved with the aid of Theorem I. A special 
case in which #(A;) can be proved is that A;-, = A; or A; = Aj,; is a pre- 
viously established equality. 

The circumstances which we most commonly use to justify linking Aj, 
to A; in forming a chain of contingent equalities, 7. e. circumstances which 
imply that F(A;) + F(Aj,,) and F(Aj,,) | F(A;), are the following: (1) A; 
convertible into Aj,:,* (2) Aj or Aj previously established, 
(3) Aj,; obtainable from A; by a substitution of N’ for N of the type described 
above (N = N’ or N’ =N being previously established ).+ 

Ordinarily we introduce a chain of contingent equalities only as a pre- 
liminary to inferring their provability, or their provability from formulas 
which we have assumed. It is intended that it should be clear from the con- 
text when this is the case. It will suffice to point out in the course of building 
the chain or subsequently that one of the equalities is already known, or that 
one of the expressions exists. Even this formality may be omitted in situations 
of a type which has already occurred often, when we evidently make subsequent 
use of the chain of equalities as proved or as proved under our assumptions. 

However chains of contingent equalities are of interest in themselves since 
a chain of contingent equalities linking N and N’ can be used in place of a 
proved N = WN’ in passing from J to J’ under the conditions above, t.e. J+ J’ 
can be inferred by means of the former. In particular, in the construction of 
one chain of contingent equalities we may use, (2’), instead of A; = Aj, or 
A;,, = Aj under (2), a previously obtained chain of contingent equalities 


*In this case we may write conv, instead of =, before A fot in constructing the 
chain. 

1 (3) includes (2). The transitive property, d= B, B=C}+A=C, of equality 
is a special case of the substitution rule, J, N=N’ |} J’. 


| 


156 Ss. C. KLEENE. 


linking A; and Aj,,, and, (3’), instead of N—=N or W=N under (38), a 
previously obtained chain linking N and N’. Chains of contingent equalities 
are derived in § 15, under hypotheses which do not imply their provability, 
with a view to their subsequent use in this manner. 

If one chain of contingent equalities is used in obtaining another in the 
fashion just described, and the latter established as true, then the provability 
of the former follows. For #(A;) or H(N) can then be proved according to 
C5II. Thus starting with conversions and known equalities we can build a 
hierarchy of contingent equalities. If one of the expressions linked in the 
chain at the top occurs in a provable formula as a free expression, then all 
the equalities of the hierarchy are provable. 

As with formulas, contingent equalities M—WN will often occur below 
when it is shown merely that they hold as a consequence of “ assumptions ” 
X, Y, Z,- when F(M), X, Y, Z,---| F(N) and F(N), X, Y, Z, 
LF(M). 

When there is ambiguity, we may use an accent to distinguish a contingent 
equality M =’ N from an equality M—WN. The assertion that M =’ N would 
hold if X, Y, Z,- - - were added to the list of axioms may be written X, Y, Z, 
dN, 


3. Definition of the positive integers. Peano’s axioms. A construc- 
tion of the theory of positive integers in the logic has been begun by Church,* 
who selected formulas to represent the three undefined terms, one, successor, 
and the notion of being a number, of Peano,+ and adopted Peano’s definitions 
of 2,3,- + - by means of the first two of them, thus: 


1— Afa: f(z). 

f(o(f,2)). 

2— 8(1), 3— 8(2), 


We follow Church in these definitions, but not in the definition of addition, 
because J. B. Rosser has proposed one which leads to simpler formal proofs, 
nor in the definitions of multiplication and subtraction, because it is our 
program to avoid the use of the function .. 

Our first objective will, of course, be the formulation and proof in the 
logic of Peano’s axioms, except the fourth which involves negation. Formula- 


* Church, 1933, § 9. 
+G. Peano, Rivista di Matematica, vol. 1 (1891), pp. 87-102. Peano called the 
“ first ” number “ zero.” 


he 
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tions have been given by Church, which we adopt except in the case of the fifth. 
The fifth we express by 3. 3, which may be a better rendering of Peano’s axiom, 
and which we need in the course of our development of the theory. 

The first two, 3.1 and 3.2, may be proved thus: 


%,:  %(%)—by two applications of IV to any axiom. 
Us: Sy 3(%))}(y)—IV, (II, We). 
Dy: {Ap:p(J, =(%))}(y)—assumed, in preparation for an application of 
Theorem I. 
Gy: )}(S(y) )—by conversion from Dy. 
p(L, 3(3))}(y) ¥(3))} (S(y) )—provable, according 
to Theorem I, using %, and the proof of ©; from Dy. 
Ys: o(y) (S(y) )—IV, III, (14, %e, 
Coo: (1) —15, Do. 
We: - I, Ws, 
3.1:  N(1)—IIL, We. 
%e-N(c)—IV, (II, 3.1). 
D2: N(a2)—assumed. 
Coes: Dz, Do, conversion. 
(y) (S(y) )—16, Do. 
Coes: (S(x))—V, conversion. 
[$(1) (S(y) ) ]9¢(S (x) )—Theorem I, Ys, Cpas. 
N(S(x))—III, 
8.2: N(x) I, W,, Gaz. 


The fifth Peano axiom we establish as follows: 


W%,: N(y)N(y)>,N(S(y))—provable by Theorem I, using 3.1, 3.2, 14, 
15. 
Do: (1) )—assumed ; is provable from 14, 
3.1, Mh. 
N(1)¢(1)—14, 3.1, 15(Do). 
Dey: N(y)¢(y)—assumed; Xy-D¢,y is provable by means of III and IV 
from 
Csy2: (S(y) )—provable by means of 16(D¢) and D¢,y. 
N(S(y))—provable by means of 3. 2, 15(D¢,v). 
Dy N(S(y))$(8(y) )—Theorem I, 14(Coy2, Cy). 
Gre: (1) 6(1) (8 (y) )—14, Cos, Coe 
: N(x#)—assumed; %2-N(z) is provable by means of 3. 1. 
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Core: N(x)o(x)—V, Da, conversion. 

$(x)—16, Coe. 

3.3: [6(1) - N(2)Deb(z) —Theorem I, 
(Theorem I, G27). 


The third Peano axiom will be proved as Theorem 10.1 below. 


4. Proof by induction. In the development of the theory of positive 
integers by means of intuitive logic, the object of Peano’s fifth axiom is to 
justify proofs by induction. By following Frege in making it the definition 
of x being a positive integer that propositions involving p for which a mathe- 
matical induction with respect to p can be carried out should hold when p is 
taken to be x, we are enabled to express the fifth axiom as a provable formula 
of the logic. If the logic is adequate, it should then be possible to carry out 
proofs by induction within the logic. This we show to be the case. 


4I. If x is a variable which does not occur in F as a free variable, if 


+ F(1), and if N(x), F(x) } F(S(x)), then +} N(x) sF (x). 


For by means of 14, 3.1, and F(1), we can prove N(1)F(1), and thence, 
since x does not occur in F as a free symbol and, being a variable, is distinct 
from the free symbols, Il, & of N, we can obtain {Ax -N(x)F(x)}(1) by 
conversion. An application of IV gives 3x-N(x)F(x), and, assuming 
N(x)F(x), we can prove N(x) and F(x) by 15 and 16, and thence, accord- 
ing to the third hypothesis of the Theorem, F(S(x)). Then by Theorem I: 
N(x)F(x)>,F(S(x)). Combining this with F(1) by 14, we obtain a 
formula convertibie into {Ap - - N(y)¢(y) >yo(S(y) )} (F) since F, &, 
S do not contain x as a free symbol. Using this formula as minor premise 
with 3.3 as major premise to an application of Rule V, we obtain 
{Ap: N(x) 2¢(x)}(F), and by conversion, since F does not contain x as a 
free variable, (x). Under these circumstances we may say that 
N(x) -,F(x) is proved by induction with respect to x from the basis F(1); 
and we may call F(x) the hypothesis of the induction. This terminology, 
with appropriate modifications, will also be used in connection with the 
generalizations of this theorem. 

Certain generalizations of the simple inductive procedure described in 
4I are permissible, because they can be reduced to one or more simple induc- 
tions. Although the nature of these reductions is quite evident intuitively, we 
shall give them explicitly to ensure that they can be carried out wholly within 
the confines of the system. 
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4II. If x is a variable which does not occur in F,, F2,-++,Fn as a 
free variable, if + Fi(1), F2(1),° Fn(1), and if N(x), F(x), F.(x), 
Fy(x) + Fi(S(x)) (t—1, °° , n), then + N(x) (2), 


For then we can take Ax: F,(x)F.(x)- - -F,(x) as the F of the simple 
case, and prove N(x) ,°F,(x)F.(x)---Fn(x).* With the aid of this 
result we can prove each of the theorems V(x) -, N(x) n(x) 
by means of Theorem J. The restrictions on x have been used tacitly in this 
argument. A set of theorems which are inferred to be provable by an appli- 
cation of this theorem may be said to be proved by a simultaneous induction. 


4III. If x is a variable which does not occur in F as a free variable, 
if + F(1), + F(n), and if N(x), F(x), F(S(x)), 
F(S(---n—1 times--- (S(x))--:)) times--: (S(%))---)), 
then (x).t+ 


This theorem we establish by an intuitive induction with respect to n. 
It has been proved as 4I for the case that n is 1. We assume it for a value 
p of n, and apply it under the hypotheses with n taken as p+ 1 to the 
function Ax - F(x)F(S(x)), obtaining N(x) 5,F(x)F(S(x)). Thence by 
Theorem I and Axiom 15 we can prove N(x) ,F(x). Under the circum- 
stances of this theorem we may say that N(x) ,F (x) is proved by induction 
with respect to x from the n-tuple basis F(1), F(2),:--,F(n). 


4IV. If 1, %2,° + *,%n are distinct variables which do not occur as free 
variables in F, and if + F(1,1,---+,1); N(*,), 
1,--+,1); N(%1), N(%2), F(%1, +,1) 


N (x1), N(x2),° NV (xn), F (x1, X2,° Xn) F(x, X2,° S(Xn)), then 
+ (x2) (an) eyes... X2,° * » 


This theorem concerning induction with respect to n variables reduces to 
4T in case n is 1. If the theorem be assumed for the case that n is p, and 
applied under the hypotheses with n taken as p+ 1 to the function Axx, 

F(%1,° °°, 1), we obtain N(2#,) N(tn1) On... 


* Henceforth we often omit mention of applications of Axioms 14-16. 

+ When » is being used to represent a given positive integer of intuitive logic, 
we may use to represent the corresponding positive integer S(. - - ~—1 times. .- - 
(S(1)).. .) of the formal logic, and vice versa. We sometimes employ symbols of the 
formal theory in a familiar intuitive sense, the context being supposed to indicate when 


this is being done. For example, 1, n, +, — in @,, @,, %,,,, n— 1 times, and n-th. 
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-F(x,**+,%n+1,1). Also by means of the last hypothesis and a corollary 
of Theorem I we obtain that N(x,), N(%) 
°°, %n-1,%n) | N (%n-1)s,. * * S(xn)). 
Hence, applying 4I to the function Ax, N(%n-1) 
*,%n), and thence, by a corollary of Theorem I, - N (xn) 

Finally we may vary the simple inductive process of 4I in a combination 
of the three directions represented by 4II, 4III, and 4IV, and justify the 
procedure by a corresponding combination of the devices used in establishing 
4IIT, and 4IV. 

We shall apply the theorems of this section, and similar theorems below, 
when the situation exhibited is not exactly that described by the theorem, but 
one that could be made so by evident conversions. (Cf. § C5.) 


5. Addition. We adopt the definition 
Apofz e(f, o(f, a) 
due to J. B. Rosser, and abbreviate {+}(x,y) to [#] + [y]. 


{+}(1) conv 8. [x+y] +2 convx+[y+2]. S(x ty) conv 
S(x) +y. 


The last conversion follows from the first two thus: S(*-+y) conv 
1+-*x+y conv [1+2]+y conv S(x) It is often more convenient 
to employ this theorem and like theorems of §§ 6, 7 (often tacitly) than to 
refer to the formal theorems proved by means of them. 

Since H(S) can be proved (e.g. from 3.2), the first conversion of 5I 
leads, by means of 2. 1,* to 


5.1: {+}(1) =8. 


Assume V(y). Then, (1) we can prov (S(y)) by means of 3. 2, and 
thence, by conversion, VN(1-+ y), and (2) if we assume +), we can 
prove N(S(x+y)) by 38.2, and thence, by conversion, N(S(x) + 4). 
Having (1) and (2), we can prove N(x) .N (2+ y) by induction.t This 
was done on the assumption N(y), and Sy-N(y) is provable from 3.1. 


* Cf. the remarks on 2.1 in § 2. 
¢ Cf. 4I. In this case only the second of the assumptions N(x), F(x) is used. 
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By Theorem I we obtain N(y)y:N(2)-2N(x-+y), and thence, by a 
corollary of Theorem I,* 


5.2: N(x) N(y)-ayN (a +). 


5. 2 with 15 and 16 enable us to prove H([x-+ y] +z) as a consequence 
of N(«x)N(y)N(z), and hence the second conversion of 5I leads to 


| 3.8: [2 + y] [y +2]. 


We shall use x + y+ as an abbreviation for [x + y] +2. 

(1) Since #(2) is provable (e. g. from 3. 1, 3. 2) and 2 is convertible into 
1+ 1, we can provel+1—1+1. (2) Assume M(z) ande+1—1+2. 
Now S(z) +1 conv S(x+1), =S(1-+ 2) (by means of the assumption 
t+1—1+42), conv S(S(xr)) (and E(S(S(x))) is provable from N (2) 
with the aid of 3.2), conv 1+ S(z). Hence, by § 2, S(z) +1—1+4S8(z) 
is provable from our assumptions. (3) Using (1) and (2) we can prove, 


by induction 


(4) Assume N(x), N(y), and «+y=—y+a. Then ++S(y) conv 
t+-1+y, =x+-y+1 (since y+1—1+y is provable from N(y) 
and %,), conv [e+ y] +1, =1+ [2+ y] (by means of %,, N(x), N(y), 
5.2—this equality is proved from our assumptions), [y+ a] (by 
means of the hypothesis y—y-+ 2), conv S(y) +2. This establishes 
a+ S(y) =S(y) +2 from our assumptions, according to §2. Having 
(1), (2), and (4), we infer by induction (cf. 41V) 


5.4: N(2)N(y) tt+y=—yt+e. 
Another fundamental theorem on addition will be obtained as 11. 4 below. 
6. Multiplication. We adopt the definition, 
X Apox: p(a(x)), 


of J. B. Rosser, and abbreviate {5,} (x,y) to [x] X [y] or [x][y].t 


*In making applications of Theorem I and its corollaries we may omit mention 
of the formulas 2x-M, =xy-M,--.-, when their proof is obvious, as here from 3. 1 
and 14. (Cf. the statements of Theorem I and its corollaries, Church, 1932, pp. 358, 
366. ) 

{ The abbreviation [x][y] for the product of two positive integers, x and y, em- 
ployed in the presence of N(x) and N(y), should not lead to confusion with the 
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61. [xy]z conv x[ys]. [x + y]z conv xz yz. 


(1) 3.1 +} #(1). #(1), 2.1 By conversion from 1—1, 
[1.1] (2) Assume N(x). Then H(S(x)) is provable by means of 
3.2. 1S(xz) conv S(x). Hence From (1) and (2) by 


induction : * 
6.1: N (a) 2: 1a —z. 


Assume N(y). Then (1) by means of 6.1 we have N(1y), and (2) 
assuming N(x) and N(azy), we can prove N(1ly-+ zy) by means of 5. 2, 
N (ay), and (1), and pass by conversion to N(S(x)y). Having (1) and (2) 
we infer by induction that N(y) } N(z).N (ay). With this result we can 
prove, by Theorem I Corollary, 


6.2: N(x)N(y)DayN (xy). 


Assuming V(x) N(y)N(z), we can prove by means of 6. 2, and 
E([a-+ y]z) by means of 5.2 and 6.2. Hence 6I leads to the pair of forma! 


theorems 
6.3: N(2)N(y)N (2) [zy]z = z[yz], 
6.4: N(«)N(y)N (2) = + 


Assume V(i). Then: (1) 1[1+4] —[1-1] + 1h, by 3.2, 2.1, con- 
version and 6.1. (2) Assume also N(/) and J[1+%]=11+/k. Then 
S(l)[1 +k] conv 1[1+4]+7f1+ 4], 4+1[1+k] (by 6.1, 3.1, 
5.2), =1+k+-l1+4 lk (by our assumption + k] = 11 + lk), 
convi+ +l, =14+ [+k] + lk (by 3.1, 6.2, 5.4), 
conv [1-1] +21+-k = [1-1] +0+4+-1k+ lk (by 6.1), 
conv S(1)1-+ S(l)k. We can prove the existence of any one of these expres- 
sions from our assumptions by means of 3.1, 5.2, 6.2. Hence, by § 2, 
+k] —=S(1)14+ S(lyk. (38) By induction, using (1) and (2), 
+h] =H + 1k. According to Theorem I, this argument 
enables us to infer the provability of 


: N(k) N(YD1- U1 + + lk. 


abbreviation for the logical product of two propositions. The abbreviation [x]}[y][z} 
for [[x][y]][z] will be employed with the arithmetical product as with the logical 


product. 
*Cf. 41. In this case only the first of the assumptions N(x) and F(x) is used. 
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(1) By conversion from 1—1: [1-1] (2) Assume and 
Then S(x)1 conv 1+ 721, =1-+ 12 (by the second assumption), 
=1+2 (by 6.1 and N(z)), conv S(x)(£(S(x)) is provable from N(z), 
using 8.2), conv 1S(z). Hence by §2: S(z)1—18(z). (38) By induction, 
using (1) and (2), 


(4) Assume V(x), N(y),2y=yx. Then zS(y) conv + y], + zy 
(by N(x), N(y)), =21-+ yx (by the hypothesis zy = yr), = yx 
(by N(x)), conv S(y)#. Hence =S(y)x. Having (1), (2), and 
(4), we can prove, by induction (cf. 4IV), 


6.5: N(2)N(y)ay* ty = ye. 


7. Exponentiation. 1(F, A) conv F(A), and S(«, F, A) conv 
F(x(F,A)). By an intuitive induction, utilizing the definitions of 2, 3, 4,--: 
from 1, we infer that for any given positive integer z, (F,A) is convertible 
into F(-- z times: - -(F(A))- Church’s definitions of the positive 
integers were framed with a view to providing this formal means of repre- 
senting the z-th power of a function F of an argument A. We recognize it 
by introducing the abbreviation [x]'»! for {p}(x), so that 2(F,A) may be 
written F#(A). 

3.1, 8.2, 14 | Xdaf-$(a) Assuming $(a) 
~po(f(p)), we have, by the use of the first factor with the second, ¢(f(a)), 
which is convertible into ¢(f'(a)). Assuming also ¢(f*(a)), the second 
factor gives #(f(f*(a))), which is convertible into ¢(f8(a)). Hence, by 
induction and the corollary of Theorem I, 


(1) J’ provable from J by conversion.* (2) Assuming = 
we have IS conv Ay: I*(y), =aAy-I(y) (by means of our assumption), 
conv J. + H(I). Hence, by § 2, 8 =—J. From (1) and (2) by induction, 


1.2: N(2)D,- I? =1. 


It follows, since 1(A) conv A, that we can express formally a function of 
positive integers having any given constant value A. Indeed, if 


*I =I is provable by 2.1 since | E(I) (cf. §§ C6, C8). 
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© dw [Apo I7(p)]*, 


then ©(1, A), €(2, A),- - - are functions whose values for any one, two, - - - 
members of the sequence 1,2,--- (i.e. “known” positive integers), respec- 
tively, are convertible into A. 

The formula 6.1 is convertible into 


[Afa: f?(a)] =z. 
VI. F*(F%(A)) conv F**¥(A). 


Let f and a be proper symbols not occurring in x and y as free symbols. 
Then the formula x + y is convertible into Afa: f*(f”(a)) and Afa: f**¥ (a). 
This leads evidently to the conversion 7I, and also shows from a new point 
of view why the definition given in § 5 for the addition of positive integers 
is suitable. 

The observation is due to J. B. Rosser that if p and q are positive integers 
the formula x? is actually the p-th power of x in the arithmetic sense. 


VII. xPx4 conv xP*4, = [xP conv x9. 


8. Number dyads and triads. A finite ordered set of expressions can 
be defined intuitively by enumerating its members, A,, As,:+-,Ax. In 
order to carry out an argument in the logic about such a set whose mem- 
bers vary according to given laws, we may require a formula A such that 
(1) A is a function of the & members A,,---,A,x, and (2) Aj,-- +, Ax 
are k functions of A. If there exist expressions H,,---,H; such that 
H,(A,)=I,---,H).(Ax)= I, we can take as A the expression Ax - x(A,,---, Ax), 
where x is any proper symbol not occurring in A,,- ++, A, as a free symbol. 
In the important case that A,,---,A, are positive integers there are the 
simpler constructions which follow. 

To represent the ordered pair of numbers x and y, we employ the formula 
D(x,¥), abbreviated [x,y], where 


D dpofga: f?(9°(a)). 
Then x and y are the functions D, and D,, 
D,— dApf-p(f, 7) and D,— p(Z), 


respectively, of [x,y], as is established in the theorems 
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Di ([2, y]) =2, 
8.2: N(x) N(y) D2([2,y]) = y. 


The first is provable, according to § 2 and the corollary of Theorem I, since 
assuming NV («)N(y) we have D,([2, y]) conv Afa: f?(I¥(a)), =Afa: f*(I(a) ) 
(by 7.2, N(y)), conv Afa- f(a), =a (by 7.3, N(x)); the second, since 
D.({x,y]) conv Afa: [*(f¥(a)), from which we can pass similarly to y. 
Let 
T — Aporfgha: 


and abbreviate T (x,y,z) to [x,y,z]. If 


T,—Apf T2—Apf (1,1), 


then 

8.3: N(2)N(y)N (2) aye T1([2, y, 2]) = 2, 
8.4: N(2)N(y)N (2) Dayz T2([2, y,2]) =y, 
8.5: N(2)N(y)N (2) T3([2, y, 2]) = 2. 


Similarly for tetrads, ete. 


9. Predecessor. Given the third Peano axiom, as formulated in 10. 1, 
a function for the predecessor of a positive integer can be obtained by means 
of the description, .. Conversely, given a predecessor function, 10.1 can be 
proved. By obtaining a predecessor function first, and making it the basis 
of the proof of 10.1, and of further definitions, we are able to limit our formal 
assumptions, avoiding, particularly, the use of the description. 

The predecessor function, P, which we shall define has, besides the prop- 
erty that if x is one of the expressions 1, 2,- - -, then P(S(x)) conv x, also 
the property P(1) conv 1. The arithmetical functions, such as subtraction 
and division, defined by means of it, are likewise given a value within the class 
of positive integers for every set of positive integral values of the arguments, 
even in cases when this is not ordinarily done. The resulting special proper- 
ties of the functions are useful in the development of the theory. 

Let 

and J—>[1,1, 1]. 


Then (1) ¥5™() conv [1,2,3], and #([1,2,3]) is provable since 
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[1, 2,3] occurs in the proposition T,([1,2,3]) 1 which is provable from 
8.3, 3.1, and 3.2. Hence, by 2.1, — [1, 8(1), S(S(1))]. (2) 
Assume N(x) and (3) = [z, S(x), S(S(z))]. From N(x) we infer 
N(S(x)), N(S(S(z))), and N(S(S(S(2)))) by 3.2 Now 
8(S(2))]), To([2, 8(2), S(S(a))]), S(Ts( (by the 
hypothesis of the induction), = [S(x), S(S(z)), S(S(S(z)))] (by means 
of the equalities obtained by using N(x), N(S(z)), and N(S(S(z))) in 8.4 
and 8.5). H([S(x), S(S(x)), S(S(S(a)))]) is given by 8.3, N(S(z)), 
N(S(S(z))), and N(S(S(S(x)))). Hence, by § 2, FSS" (F) = [S(z), 
S(S(x)), S(S(S(x)))]. Having (1) and (2), we can prove by induction 


N(x) 2° (J) = [2, S(z), S(S(z) )]. 
Let 
dp‘ 


Assume V(z). By 3.2, N(S(az)) and N(S(S(z))). Then P(S(x)) conv 
TL (B)), =Ti([@, S(x), S(S(x))]) (by N(x) and =a (by 
means of 8.3, N(x), N(S(z)), and N(S(S(x)))). Hence, by $2 and 
Theorem I, 


9. 1: P(S(a)) =z. 
The theorem 
9.2: P(1) =1 
is provable by conversion from 11; and the theorem 
9.3: N (2) .N(P(2)) 


is provable by induction, since (1) N(P(1)) follows by conversion from 3.1, 
and (2) assuming N(x), we can obtain P(S(x)) =z from 9.1, and then 
N(P(S(z))) from N(z). 


10. Peano’s third axiom. N(1)N(1) - S(1) =S(1) is provable by 
means of 3.1, 3.2, 2.1, and 14; and thence S2y-N(2x)N(y) -S(x) =S(y) 
can be -proved. Assume N(xr)N(y)-S(x) =S(y). Then «= P(S(z)) 
(by 9. 1and N(2)), = P(S(y)) (by S(x)—S(y)), —y (by 9.1 and N(y)). 
Hence, by § 2 and Theorem I Cor., 


10.1: [N (x) N(y) -S(x) 


| 
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11. Subtraction. Let 


—— P’(p), 


and abbreviate {—}(x,y) to [x]—[y]. If z and y are positive integers, 
then x —y has the usual significance if z is greater than y, and x —y is 1 
if z is less than or equal to y. 


N(a), 9.3, 71+ N(y) >,N(a—y). Hence, by Theorem I Cor., 
1: N(2)N(y) aN y). 


(1) Assuming N(x), we have [e+1]—1—[1+2]—1 (by 5.4, 
N(x), and 3.1), conv P(S(x)), =a (by 9.1 and N(z)). Hence, by § 2 
and Theorem I, +1] (2) Assume and 
Assume also N(x). Then [z+ 8(y)]—S(y) 
=[S(y) +2] —S(y) (by 5.4, W(y), 3.2, W(x)), convP((1+y¥+2]—y), 
=P([y+1+2]—y) (by 5.4, N(y), 3.1), conv P([y+8(2)]—y), 
—P([8(c) +y]—y) (by 5.4, N(y), N(2), 8.2), =P(S(2)) (by the 
second assumption, N(x), 3.2), =a (by 9.1, N(x)). Hence, by §2 and 
Theorem I, V(x) 2: S(y)] —S(y) From (1) and (2) by in- 
duction, N(y)>,:N(r)>.:[*#+y]—y—=2z; whence, by Theorem I Cor., 


11.2: N(2)N(y) ay: + y] 


(1) Assume N(x)N(y). Then [*—y]—1 conv P(y(P,2)), conv 
S(y,P,x), conv x—S(y), conv e—-:1+y, =x—-y+1 (by 5.4, 3.1, 
N(y)). M(x), N(y), 3.1, 5.2, 11.1 M(e—-y+1), from which 
E(«—-y-+-1) is provable. Hence, by § 2 and Theorem I Cor., N(z)N(y) 2; 
y] —1—a2—-y+1. (2) Assume N(z) and N(z)N(y) zy 
‘[c—y] —z=—x—-y+z. Assume also N(x)N(y). Then [a—y] — S(z) 
conv [e—y]—-1+2, =[[«—y]—1]—z (by the hypothesis of the in- 
duction, V(x), N(y), 11.1, 3.1), = [e—-y +1] —z (by (1), N(y)), 
=r—-y+1-+2 (by the hypothesis of the induction, N(x), N(y), 3.1. 
5.2), conv e—-y-+ S(z). We can prove S(z)) by means of 
N(x), N(y), N(z), 3.2, 5.2, 11.1. Hence, by §2 and Theorem I Cor., 
N(t)N(y)Day* [ec —y] —S(z) Having (1) and (2), 
we infer by induction ay: [ec —y] = +2, 
and thence 


11.3: N(2)N(y)N (2) —y] —2 =e — [y +2]. 
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Assume Then —z (by 
11.2, 5.4, N(y), N(z)), = [a@+2] (by t+y—2+4+2), (by 11.2, 
5.4, N(x), N(z)). Hence 


11.4: [N(x)N(y)N(z) 2] =2. 


12, Order. Let <—> Aw [$(8(u)) De o(S(€)) 
and abbreviate {<}(x,y) tox << yory>*x. 


12.1: N(2) < S(z). 


Proof. Assume N(z2). Then, using 3.2, 
$(S(x)) - o(€)e o(S(E)) o(S(z)). By Theorem I, [¢(S(z)) 
6(S(é)) J which with N(x) yields < S(ax).* 


12. 2: N(x) N(y). 


Proof. 12.1 + < y + N(x) - - ¥(8) 
De (S(E)) N(x), 3.2 N(S(z)). N(S(x)), 3.2, [6(S(2)) 


Proof. Assume x < < zand $(S(zx)) - $(€)¢ 6(S(é) ). The latter 
with yields $(y). $(y), $(é)e $(S(y)) 48) 
$(S(é)), which with y < z yields ¢(z). Hence [¢(S(x)) - $(€) 
e $(S(E)) o(z), and <z. 

When each a; (t= 1,- - -,n) is either = or < (—or >), we abbreviate 
we can make formally the usual inferences concerning the order relation of 
two expressions linked in such a chain of inequalities. 


* Henceforth our proofs will be abbreviated by omissions of such details as applica- 
tions of Theorem I and Corollaries, applications of §2 and like principles for in- 
equalities, and references to formal theorems under circumstances in which it is clear 
what theorems are being used. In particular, required formulas of the form N(A) will 
not be mentioned, when they are obtainable from the hypotheses and such theorems as 
3.1, 3.2, 5.2, 12.2. In case several theorems are used at a given step in the argument, 
those playing a subordinate réle may not be cited. 

+ We arrange the introduction and proof of chains of inequalities in the same 
manner as that of chains of equalities. Any link may be a conversion or contingent 
equality. 
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12.4: 


Proof. Assume N(x), N(y)-y:x+y>y, and N(y). Then + y 
conv S(z-+y), >a+y (12.1), > y (by means of the hypotheses). Hence, 
by Theorem I, V(x), +y>y. Thus 
12. 4 is provable by induction from 12. 1 as basis. 


12. 5: [y—z] +2. 


Proof. Assume (1) S(x) conv 1+2, =[[1+2]—2]+2 
(11.2), conv [S(z) —a2]+ 2. Hence N(S(z)) -S(x) = +2. 
(2) Assume V(é)-€=[E—a] +2. Then S(é) = +2) (by the 
hyp.), conv +2, = [[S(E— + — az] + (11.2), 
conv [S([é—2z] +2) +2, = [S8(é) +2 (by the hyp.). Hence 
N(S(é)) -S(é)=[S(é)— 2] +2. By Theorem I, [NV (é) +2] 
N(S(E)) S(E) = [S(E) +e. (3) + [h(S(z)) o(€) 
De o(y), which with (1) and (2) yields N(y) -y = [y—2] +2. 


12.7: [N(z)-y > 2] aye: [@ + y] [y—z]. 


Proofs. Assuming z < y and letting p> (11.2), 
(11.2), =y—-y—e (12.5). Assuming 
N(x)-y >zand letting po y—z, [e+ y] p+2]—z (12.5), 
(11.2), =2+-[p+z]—z (11.2), =a+-y—z (12.5). 


12.8: N (2) 2° 8(z) > 1. 
12.9: N(y) > yJ > 1. 


Proofs. 12.4 }+12.8, and 12.9 is provable by induction, since 
and N(y) + > S(y)]>2: 1 (12.4). 12.10 follows 
from 12.9 by 12. 4. 


12.11: [N(2)-y <2] 
12.12: [N(z)N(y)N(z) < 2) <2. 


Proofs. Assuming N(z)-y <z, thn (12.5), 
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>a2+y (12.4). Assuming 4+ 2, then 
(11.2), (by 12.5, if 
—'a+y), (12.7%, 12.4), =pt+y (11.2), >y 
(12. 4). 


12.13: [N(z)-t@< < 8(z) t < S(z). 
12.14: [N(z)-t@<y-y < 8(2) Jaye <2. 
12.15: < aye < 2. 


Proofs. Assuming N(z)-2< S(y) - y< S(z), we have 1+ S(z) 
—1+-[S(2)—y]+y (12.5), =[8(2)—y] + 8(y), =[8(2) —9] 
+ [S(y) +2 (12.5), 2 (12.11, 12.10), and hence, by 12. 12, 
S(z) >a. Similarly for 12.14 and 12. 15. 

We let x= y—>x < S(y),* and employ the relation = as well as 
< and = in our chains of inequalities. 12. 13-12. 15 together with previously 
noted facts show that we can make formally the usual inferences concerning 
the order relation of two expressions linked in such a chain. 


12.16: [N(y)-2@< 8*(y) 


Proof. Assume N(y)-x< S*(y). By 11.2, [S?(y) —1]—y=1. 
Assuming N(p) and [S?(y) — p] — y 1, [S*(y) — S(p)] — 
= [[S?(y) — p] —y] —1 (11.3), =1—1 (by the hyp.), conv 1. Hence, 
by induction, N(p),: [S?(y) —p] —y=1. This with N(S?(y) —z) 
yields [S?(y) —- 8?(y) —xz] —y=1, and, by 12.6, 


12.17: [z < 8(y) < 8(2) t= y. 


Proof. Assumez< S(y):y<S(x). S(y), 12.11 + < 8?(y). 
(1) 2+y conv S*(y), = [S?(y) —S(x)] + S(x) (12.5, < 8?(y)), 
= [S*(y) —8(x)] + [S(t) —y] + y (12.5, < S(z)). Hence, by 11.4, 
(2) 2—= [S*(y)—S8(2)] +-S(x)—y. (3) 
++ —y] —- —y (11.2), —2 —- —y (by (2)), 
=2—1 (12.16, < S*(y)), conv 1. (4) 2+2 conv 1+ S(z), 
— [S?(y) + 8(2) (by (3)), —2+y (as in (1)). Hence, by 
11.4,2—y. 


12.18: 


* Or let _, Ary. a < S(y) and abbreviate {Ss} (x,y) tox<y. Similarly below. 


| 

| 

| 

fi 

| 


A THEORY OF POSITIVE INTEGERS IN FORMAL LOGIC. PART I. 171 


Proof. Assume (1) 1—1 conv 1, <S(1). Assuming V(p), 
S(p) —-1=—p, <8*(p). Hence, by induction, N(p),:p—1< S(p). 
(2) e—1< (12.5). (3) Assuming and r—y < 
a—S(y) =[«—y]—1 (11.3), (by means of (1)), (hyp. 
induction). From (2) and (3), by induction, V(y)-y:t@—y <2. 


12.19: N(k)x«: [ep < 8(k)p [p > Sp $(p) N (2) 


Proof. Let Do(a)—> [p< S(a) >p$(p) > ap ]. (1) 
By induction and Theorem I, Do (1) D9: V(r) 52 ¢(x). (2) Assume N(k) 
and De(k)5¢- N(x), Then Assume ). 
(a) p< S(k) + p < S?(k); and hence, by the first factor of Do(S(k)), and 
Theorem I, p << S(k) p $(p). (b) N(kK) 1+ < S8?(k), whence, by the 
first factor of Dy(S(k)),¢(1+%). Assuming N(p), we have 8(p)+k>S(k), 
whence, by the second factor of De(S(k)), d(S(p) +h). By induction, 
N(p)-p¢(p +k). Thence, assuming p >k, we obtain ¢([p—k] 
and, by 12.5, ¢(p). By Theorem I, p>kp¢(p). (c) D¢(k) 
D2 ¢(x) with (a) and (b) yields N(x) (zx). By Theorem I, Do(S(k)) 
N(x) 2¢(x). (8) 12.19 follows from (1) and (2) by induction. 


13. The lesser and greater of two positive integers. Let min — Ary 
‘S(y) —-S(y) and max— [x + y] — min(z, y). 


13.1: N(x)N(y) ay N(min(a, y)). 

13.2: [N(y) < S(y) min(2, y) =z. 

13.3: 2: min(2, y) = min(y, 2). 

13.4: N(2)N(y) cy: min(2, y) < S(y). 

13.5: N(2)N(y)N (2) Daye min(z + 2,2-+ y) =2+ min(z, y). 


Proofs. 3.2, 11.1 }18.1. 12.6 13.2. 13.3 may be established by 
an application of 12.19, since, assuming N(x), (1) assuming y < S(z), 
min(z,y) conv S(y) —: S(y) —z, = S(y) —1 (by 12. 16, since y < S(z), 
12.11} S(y) < S?(z)), =y, =min(y, z) (13.2), and (2) assuming y > 2, 
a like series of steps takes us from min(y,z) to min(z,y). 12.18, 
12.8+13.4. 13.5, since, assuming N(x)N(y)N(z), min(z+2, 2+ y) 
conv S(2 + y) S(2+y) +2, —[z2+ S(y)] S(y) (11.2, 
11.3), —=z+-S(y) —:S(y) —-2 (12.7, 12. 18, 12.8), conv z + min(z, y). 


14, Proof by cases. We now establish theorems which connect the 
present theory with that of §§ C7, C9, C10. M > dp: $(1)4(2) 6 o(z), 
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and [P]=s,...*,°@ will be used as an abbreviation for [[P] s,...+,°Q] 
[[Q] 
14,1: M < 3. 


Proof. 1< 3, 2 <3, M(z) 3, by Rule V. 
Hence M(z),:x4 < 3. Conversely, assume < 3 and $(1)¢(2). Then 
¢@(min(1,2)) (#(1), 13.2); and assuming N(p), ¢(min(S(p),2)) (¢(2), 
13. 2, 13.3, 12.4). Hence, by induction, N(p)p¢(min(p,2)). Thence, 
since < 3+ N(x), we obtain ¢(min(z,2)), and, by 13. 2, ¢(z). 

Note that M(x) + N(x) (by 14.1, 15). 

Let [x] o[y]—> min (x,y). o multiplies 1’s and 2’s as 0’s and 1’s resp. 


14. 2: M(zoy). 

14.3: M(2)M(y) roy—yoxr. 

14, 4: M(y)-y:loy=1. 

14. 5: 

14.6: [M(z)M(y)- roy =2]| =: [t= 2] [y = 2]. 


Proofs. 14.5 follows from 2 0 1 = 1 and 202 = 2 by the definition of M. 
For 14. 6a (i.e. the first factor of 14.6), assume M(x)M(y) - roy —2. Then, 
by 13.4,20y< S(y). Hence 2 < S(y). Also, by 14.1, y < S(2). Hence, 
by 12.17, y=2. Likewise x = 2 (cf. 14.3). 

Let Ary: min(2, S(x) —y), and abbreviate e(x,y) to 


14.7: N(2)N(y) ay M(e*). 
14.8: [N(y) < S(y)] N(x) N(y) = 1. 
14. 9: N(r)N(y) =2. 


Proofs. 13.3,13.4,14.1}14.7. 12.16, 12.11} 14. 8a; and for 14. 9a 
we have, assuming y, =min(2,S(z) —y), —min(2, y)) 
(12.7), —2 (by 13.2, since 12.4} S?(ax—y) > 2). 14.8b and 14. 9b 
we prove as follows: By C7I, there exists a formula 8 such that 8(1) 
conv Aab:-a S(b) and B(2) conv Aab-a>b. Assuming N(y), then 
(1) assuming z < S(y) we infer ¢7—1 by 14. 8a, and hence B(ey’, z, y), 
and (2) assuming x > y, we infer ¢” — 2 by 14. 9a, and hence B(e,’, z, y)- 
By 12.19 and Theorem I, B(e*, 2, y). This lemma 
enables us to infer x< S(y) from and from 
N(a)N(y) 


* Cf. Church, 1932, p. 355. 
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Let + and abbreviate 5(x,y) to 


14. 10: N(2)N(y) ay M 

14.11: N(2)N(y) ay = 82". 

14.12: 8? 1. 

14.13: [N(y) S(y) 8% — 1] < y. 
14,14: [N (2) N(y) —y] N(x) (y) = 2. 


Proofs. Assuming N(r)N(y), + = [4— — 
(11.3), <<4—e* (by 12.18, since =1+-3—e” (12.7, 14.1, 
14.7), > 1 (12.10)), S 8 (12.18), and hence, by 14.1, M(8,”). 5.4 + 14.11. 
Assuming y, $°=4—-g7+2 (14.9), —=[4—2]—e (11.3), 
conv 2 — 1 (12.16). Assuming N(y)- a2 < S(y) 1, 
= 3 —- 3 (12.6, 14.1, 14.7), = 3 —-4—-1+ (11.2, 11.3), 
(14.8), =3—8,” (def.), =3—1 (hyp.), conv 2; 
and hence, by 14.9, 7<y. Assuming then < S(y) 
and, by 14.8, also hence 3,7—4—-1+41, conv 2. It 
remains to establish 14. 14b, which we do as follows. Assume N(x) N(y)- 87 = 2. 
By 14.7, M(e@*). (1) Assuming ¢” —1, then << S(y) (14.8). (2) As- 
suming «,” = 2, then > y (14.9); hence 8,71 (14.11, 14.12). Hence, 
by C10II, x < S(y). Similarly, y << S(x). Hence, by 12.17, c—y. 

Henceforth we use tacitly results of this section in conjunction with C9I 
and C10IJ. The headings “ Case 1,” “ Subcase a,” etc., will indicate applica- 
tions of C9I or C10II. 
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ON THE COOLING OF THE EARTH. 


By Arnotp N. Lowa. 


ABSTRACT. 


In an earlier paper * the thermal history of the earth was investigated 
under the assumption that the earth is a radioactive sphere, the surface of 
which is permanently at 0°. The present paper introduces the further refine- 
ment of taking into account the heat evolved as a result of the contraction 
accompanying the cooling of the earth. The method is essentially that based 
on the use of the Laplace transformation as presented in the earlier paper 
above mentioned in conjunction with the theory of biorthogonal sets of func- 
tions and the corresponding integral equations with asymmetric kernels. 


The theory underlying the subsequent derivations is due to the work of 
J. M. C. Duhamel ¢ who nearly a hundred years ago has set up the differential 
equations governing the cooling of a solid when account is taken of the heat 
set free as a result of its accompanying contraction. As an illustration of his 
theory, Duhamel has obtained the complete solution for the problem of the 
cooling of a sphere (with due account of contraction) the surface of which is 
permanently at 0°. The present paper contemplates the generalization of 
Duhamel’s problem to the case where the sphere is radioactive. 

As in A.N.L. it will be assumed that the sphere (earth) is centrally 
symmetrical with regard to the initial temperature distribution, the distribu- 
tion of radioactive matter and that the physical constants do not vary with 
depth. 

In view of the results in J. D. and A. N. L., it is clear that the mathe- 
matical formulation of our problem is as follows: 


tant, oy 


0? 0 58 @ 
(2) rae ap t) = 0 


* Arnold N. Lowan, “On the cooling of a radioactive sphere,” Physical Review, 
November 1, 1933. This paper will be referred to as A.N. L. 
{ Journal de Vécole Polytechnique 1837. This paper will be referred to as J. D. 
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(3) Lim P(r, t) =f(r) 

(4) Lim y(r,t) = 0 

(5) T(R,t) =0 

(6) by (r,t) + 8r(0/dr)y(r, t) =0 for r=R 


where the significance of the symbols employed is as follows: 

T (r,t) = temperature at time ¢, and distance r from center; 

= radius of the earth; 

k = thermal diffusivity = ratio between the thermal conductivity K and 
the product of the density p and the specific heat C;, (under constant volume) ; 

Cy, = specific heat under constant pressure ; 

§ = coefficient of linear thermal expansion ; 

(r,t) =1/pCy X heat generated per unit time per unit volume by the 
radioactive matter ; 

ry = increment of the radius vector which initially had the value r. 

It may be remarked that if Cp, —C, the problem becomes identical with 
that treated in A. N. L.; further the system (1) to (6) is identical with that 
treated by Duhamel, except for the term ¢(r, ¢) in the differential equation (1). 
Thus the solution to be derived must reduce to that given in A. N. L. if 
C, = C, and to that given by Duhamel if ¢(r, t) =0 

Consider the differential equation 


(7) r + 4 dp/dr = 0. 


If we assume a solution of (7) in the form y = A7™ it is readily found 
that m(m-+ 3) 0. Thus the general solution of (7) is in the form 
¥=—A-+ Br. Starting with this solution of (7) the solution of (2) satis- 
fying the boundary condition (6) and such that ry is finite for r—0 is 
readily found by the method of variation of parameters in the form: 


7 0 om” 0 
whence ultimately 
(9) ay + rt )— 3 


In view of (8), equation (1) becomes 


(p) dp + ¢(r, t). 


10 
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If we make the substitution: 
(11) T (r,t) = (1/r)u(r, t) + 1rf(r). 


It is ultimately found that the function u(r,¢) must satisfy the system of 
equations. 


0 
(12) At P(r) — Br f do 
(13) Lim u(r, t) =0 
(14-15) u(0,t) —u(R, t) 


where we have put: 


In accordance with the method employed in A. N. L. we now operate on 
(12), (14) and (15) by the “ Laplace operator ” defined as follows: 


(17) L{u(r,t)} u(r, tat = 


(18) L{o(r, t)} A). 

If we make use of the identity * 

(19) L{(d/dt) u(r, t)} =aAL{u(r, t)} —u(r, 0) =Ay— F(r) 

it is ultimately found that the function y(r,A) must satisfy the equations: 


B2 R 
(20) py(p)dp —o(r, d) 
(21-22) y(0) —y(R) =0 
where we have put: 
(23) —)A* = @? a(r,A) = (1/A) FP’ (r) + 
To solve the system (20) to (22) we start with the simpler system 
2 B? 2 
(20-21) y(0) =y(Rk) =0. 


If we consider provisionally C as a given constant, the solution of (24), 
(20) and (21) is readily found in the form: 


* See A. N. L. 
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(25) y(r,%) =C(—r sin ra) 
whence 


(26) 


sin Ra 


R CR® CR sin Ra — Ra cos Ra 
py (p)dp = — 


3 a? 


By the definition of the constant C from (24) we have: 


B2 R 
f, py (p) dp. 
Therefore in view of (26) we ultimately get: 


A? 
(27) 1— Ra cot Ra = 

Thus the solution of the system (24), (20) and (21) is given by (25) 
where the @’s are the roots of the transcendental equation (27) and where 
now C is an arbitrary constant. 

Consider now the system 


(28) + pz = 0 
(29) 2(0) =0 


where the solution of (28) will be subjected to the condition of satisfying an 
additional boundary condition to be subsequently determined. 

Let am be a characteristic value of the system S consisting of (24), (20) 
and (21) and y, (7) the corresponding characteristic function. Let similarly 
Bn designate a characteristic value of the system 7’ consisting of (28), (29) 
and the as yet undetermined additional boundary condition and z,(1r) the 
corresponding characteristic function. Then by the familiar “ Green process ” 
and in view of the boundary conditions (20), (21) and (29) we get 


R 
(30) + — Bn?) Ym(p)Zn(p) dp 
O R 
am? Cm p2n(p) dp = (0) 
0 


where C,,, is the value of the constant C as defined in (24) for y= yn. 
It is therefore clear that if we put the condition: 


R 
(31) Y'm(R)an(R) + Om? Cm p2n(p) dp = 0 
J 0 


the functions y»(7) and zn(r) will satisfy the “ biorthogonal ” condition 


R 
(32) zn(p)¥m(p)dp—=0 if 
0 
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It will be shown that (31) is identically satisfied provided that the z,’s 
and £,’s satisfy the transcendental equation (27). 
We evidently have 


R R 


{2n(R) — 2n(0) — Re'n(R)}. 


7 The solution of (28) satisfying (29) is 


(34) én(r) = M,, sin Bur 


where M, is an arbitrary constant. Further from (25) we get: 


(35) Y m(R) = Cm(—1 + Ram cot Ram). 
With the aid of (33), (34) and (35) the boundary condition (31) becomes 


(36) {— 


2 
\ Sm 


(—1-+ Ram cot Ram) — (—1-+ RB, cot RBn) \ sin RB, =0. 


1 
Br? 
' In view of (27) it is clear that (36) and therefore (31) are identically satis- 
fied provided the %n’s and Bn’s are the roots of the transcendental equation (27). 

From (35) and (27) we get: 


m(R At 


Thus (31) may be written in the more convenient form: 


(31’) hin(R) = 


This is the additional boundary condition for the function z,(r), previously 
referred to. 
Summarizing the results found thus far the solution of the systems S and 


T are: 

a~. 

(34’) Zn(r, = Ny sin ray, 


i where M,, and JN, are arbitrary constants and @, is a root of the transcendental 
equation (27). 

In the subsequent derivations it will be assumed that the solutions (25’) 
and (34’) have been normalized in accordance with: 


a 
q 
| 
iy 
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R 
(38) Yn(1)2n(r) dr =1 
0 
whence 
(—pt+ SiN p&p) dp 


1 


We now return to the system § and define the “ Green function ” K (r, é) 
as the solution of the system satisfying the discontinuity condition: 


t-e 
1, 


(40) Lim K (r, €) 


€>0 Or 


With the aid of (40) it can be readily verified that the expression : 


R 
(41) y(1, a) K(r,€)o(&, A) dé 


is the complete solution of the differential equation (20) satisfying the 
boundary conditions (21) and (22). 
Consider now the differential equation satisfied by K (1, é 


(42) K"(r,é) + @K (1, é) =— 

in conjunction with the differential equation: 

(28’) + = 0 

satisfied by z,(”). If we perform the “Green process” on (42) and (28’) 


and make use of the discontinuity condition (40), we ultimately get: 


(43) (a? ant) K(p,€)2(p)dp + 2n() =0 


which is an integral equation satisfied by the characteristic functions 2p. 
In entirely similar fashion we define the Green function G(r, é) as the 
solution of the system 7’ satisfying the discontinuity condition 


f-€ 
(44) Lim — G(r, é) | =—1 
or t+e 
if then we perform the Green process on (42) and: 
(45) G” + aG =0 
and take into account the boundary and discontinuity conditions satisfied by 
the Green functions K (1, €) and G(r, €) we readily find the important relation: 
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(46) K (r, é) =G@(ér) 


Furthermore by a method entirely similar to that which has led to the integral 
equation (43) satisfied by the characteristic functions z,, we obtain an integral 
equation satisfied by the characteristic functions y in the form: 


R 
(47) (a? — an?) G(p,E)y(p)dp + yn(€) = 9. 


Thus the functions y, and Z, are solutions of the integral equations (43) and 
(47). Since they satisfy the “biorthogonal” condition (32) they are said 
to form a biorthogonal set. As previously stated these functions are assumed 
to be normalized in accordance with (38). 

The fact that the functions y, and 2, satisfy the integral equations (43) 
and (47) with asymmetric kernels (in view of (46)) is of paramount im- 
portance for our purpose. Indeed it is well known * that for these asymmetric 
kernels the bilinear expansion formulae 


Yn") 2n(E) 

é Yn(é 


are valid, where the second members are uniformly convergent in the interval 
O — R under consideration. 

In view of (48) and of the significance of the function o(7,A) from (23) 
our solution (41) becomes: 


A2 R 


If the integral in the first term of (50) is twice integrated by parts we get: 


R 


Consider the contribution to y(r,A) as given in (50) arising from the 
expression in brackets in (51). With the aid of (48) it is clear that this 
contribution may be written in the form: 


2 A? 


“ A. Kneser, Integralgleichungen, Section 6. 
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If we designate by y, and y» the analytical expressions of the Green function 
K(r, €) in the intervals (O—€&) and (— R) we may write: 

= — Cyr + M, sin ar + N, cos ar 
Yo = — Cor + sin ar + N, cos ar. 


The six coefficients in y, and yz may be computed from the following conditions 
which y; and y. must evidently satisfy 


yi(0)=0; y2(h)=0; (€) =y2(€) 
€) — €) | for r= é. 


R A2 R A? 
(54) pyi(ps = Ci; f py2(ps dé = - Cs. 


It may be easily verified that for = the above system of equations yields 
= M,=—N,=0. Accordingly the first term in (52) vanishes identically. 
The vanishing of the second term may be proven in a similar manner. Thus 
(51) reduces to its second term and therefore 


R R 
(51’) dé (8) dg —= — ay? f F dé 
0 0 0 


With the aid of (51’) and (23) our solution (50) becomes after an obvious 
transformation : 


(55) y(7, A) F'(p)2n(p) dp + F(p)2n(p) dp 


n=1 


T 2% ( (é, A) dé. 


The complete solution of our problem is now obtained by subjecting 


(55) to the inverse Laplace transformation L-'. Since we evidently have 
[“{\} =1 the contribution to T(r, ¢) arising from the first term in (55) 
reduces to — F'(1), provided we assume that the function F(7) is piecewise 
continuous and twice differentiable, in which case we have: 


we have by virtue of Borel’s theorem * 


* See A. N. L. 
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1 2 


The inversion of (55) thus finally yields: 


1 R 
(1,1) == yn(r)[ dp 
0 


n=1 
1 J (an/A)? 
+3554. p2n(p) Hone dy | 


substituting for yn(r) and z,(7) the values from (25’) and (34’) and com- 
puting the value of the normalizing factor from (39) the last equation becomes 


after a slight transformation: 


R sin Rap) k 

pf (p) Sin pandp 
sin? Ra», 1 
e+ 


2 


t) 
n 

R—2 


sin 2Ra», 


e~(an/A)*t (gin — sin Ran) 
aa 


sin? Ra», 


ie 
sin 
n 


26 


J, p SID p&n n) dy de. 


In (57) and (8) we have the complete solution of our problem. 
It is readily ascertained that for Cp—=C, (57) reduces to the solution 
given in A. N. L. Furthermore for ¢(7,¢) = 0, (57) yields at once the solu- 


tion given by Duhamel. 
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